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Abstract

This thesis, completed by Barr, Tarrynne Jayde Kassidie, in partial fulfillment of the requirements

for the degree of Master of Science in Physics at the Royal Military College of Canada, is entitled

DEVELOPMENT OF AUTOMATED PULSED EDDY CURRENT FOR INSPECTION OF F-35

WING STRUCTURES AT LIFT-OFF, and was conducted under the supervision of Dr. Thomas

Krause.

The Royal Canadian Air Force’s future F-35 fleet presents a significant inspection challenge due

to composite wing skins and radar-absorbing materials (RAM), precluding direct access to critical

structural components, such as the inner wing spars. These constraints necessitate the develop-

ment of a non-contact Non-Destructive Testing (NDT) method capable of detecting stress corrosion

cracking (SCC) adjacent to both ferrous and non-ferrous fasteners at large lift-off distances.

To address this need, a pulsed eddy current (PEC) inspection system was developed, integrat-

ing custom probes, time-domain signal processing, and a modified principal component analy-

sis (MPCA) classification framework. Four custom PEC probes, labelled ZEUS, ARES, THOR,

and ODIN, were designed to explore trade-offs among magnetic sensitivity, lift-off tolerance, and

modelling complexity. ZEUS, with its vertically differential pickup configuration and ferrite-cored

pickup coils, demonstrated the most robust flaw separation, achieving accurate classification up to

17.7 mm above an angled aluminum surface. An analytical model, describing vertically differential

PEC responses, was validated using ARES, which employs air-cored pickup coils for simplified

modelling. THOR, with a ferrite-cored driver and axisymmetric pickups positioned on either side

of the driver, performed well on titanium fasteners but showed sensitivity to geometric and edge

effects. ODIN, featuring an air-cored driver and axisymmetric pickup coils, proved effective in fer-

romagnetic stainless steel, but exhibited elevated false positives near the 99% confidence threshold

in thicker titanium samples.

Conventional Eddy Current Testing (ET) was assessed to benchmark performance under real-

istic aerospace conditions. While effective at identifying near-surface cracks and mapping fastener

locations at low lift-offs, conventional ET performance degraded markedly beyond 11 mm of lift-

off. Signal quality diminished due to broadened magnetic field distributions, limiting its ability to

resolve flaws in high lift-off or through-layer inspection scenarios.
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To overcome the limitations of scalar signal features in PEC, such as peak amplitude or decay

slope, gated signals were projected into a reduced eigenspace using MPCA, followed by linear

discriminant analysis of the principal component scores. Family-based eigenvectors consistently

improved generalization and reduced false positives. HLT265 samples showed the strongest class

separation, while titanium-based HLT313 samples posed greater classi�cation challenges.

A rigorous thresholding strategy, based on discriminant score distributions, was developed,

with 95% and 99% con�dence levels enabling statistically grounded decisions for re-inspection or

repair. ZEUS maintained clean class separation under elevated lift-off conditions, indicating strong

potential for integration into automated or �eld-deployable systems.

A time-domain modelling framework was developed using analytical derivation and Finite El-

ement Method (FEM) simulation. PEC excitation was modelled as a unipolar square wave via a

truncated Fourier series, and frequency-dependent complex inductances were used to reconstruct

coil-current responses through inverse harmonic summation. Simulated signals showed strong

agreement with experimental data in waveform shape, polarity, and timing across various aerospace-

relevant metals and lift-offs of up to 10 mm. Minor deviations at higher lift-offs were attributed to

unmodelled boundary effects and surface imperfections.

This work demonstrates the feasibility of a non-contact PEC inspection system for detecting

subsurface �aws in aircraft with stealth coatings. The combined analytical, numerical, and experi-

mental approach provides a robust platform for PEC probe development, signal interpretation, and

implementation in aerospace maintenance environments, where conventional ET techniques fall

short.
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Résuḿe

Th�ese compĺet́ee par Barr, Tarrynne Jayde Kassidie, en vue de l'obtention partielle du grade de

Mâ�trise�es sciences en physique au Coll�ege militaire royal du Canada, intitulée DÉVELOPPEMENT

D'UN SYST�EME AUTOMATISÉ DE COURANTS DE FOUCAULT PULŚES POUR L'INSPECTION

DES STRUCTURES D'AILE DU F-35�A L'ENTREFER, sous la supervision du Dr Thomas Krause.

La future �otte de F-35 de l'Aviation royale canadienne présente un d́e� majeur en mati�ere

d'inspection en raison des revêtements d'aile composites et des matériaux absorbants les ondes

radar (RAM), lesquels empêchent l'acc�es direct�a des composants structuraux critiques tels que les

longerons internes d'aile. Ces contraintes exigent le développement d'une ḿethode de contrôle non

destructif (CND) sans contact capable de détecter la �ssuration par corrosion sous contrainte (CSC)

�a proximit́e de �xations ferreuses et non ferreuses�a grande distance de décollage.

A�n de r épondre�a ce besoin, un syst�eme d'inspection par courants de Foucault pulsés (CFP)

a ét́e d́evelopṕe, int́egrant des sondes personnalisées, un traitement des signaux dans le domaine

temporel ainsi qu'un cadre de classi�cation fondé sur une analyse en composantes principales mod-

i� ée (ACPM). Quatre sondes CFP personnalisées, d́esigńees ZEUS, ARES, THOR et ODIN, ont

ét́e conçues a�n d'explorer les compromis entre sensibilité magńetique, toĺerance�a la distance de

décollage et complexité de mod́elisation.

La sonde ZEUS, dotée d'une con�guration de bobines réceptrices diff́erentielles verticales et

de noyaux en ferrite, a démontŕe la śeparation de d́efauts la plus robuste, permettant une classi�ca-

tion pŕecise jusqu'�a 17,7 mm au-dessus d'une surface d'aluminium inclinée. Un mod�ele analytique

décrivant les ŕeponses CFP différentielles verticales áet́e valid́e �a l'aide de la sonde ARES, laquelle

utilise des bobines réceptrices�a noyau d'air a�n de simpli�er la mod́elisation. La sonde THOR, mu-

nie d'une bobine excitatrice�a noyau en ferrite et de bobines réceptrices axisyḿetriques dispośees de

part et d'autre de celle-ci, a offert de bonnes performances sur des �xations en titane, mais a montré

une sensibilit́e accrue aux effets géoḿetriques et aux effets de bord. La sonde ODIN,équiṕee d'une

bobine excitatrice�a noyau d'air et de bobines réceptrices axisyḿetriques, s'est ŕevélée ef�cace pour

l'acier inoxydable ferromagńetique, bien qu'elle ait pŕesent́e un taux pluśelev́e de faux positifs�a

proximité du seuil de con�ance de 99 % dans deséchantillons en titane pluśepais.

Les essais conventionnels par courants de Foucault (CF) ontét́e évalúes a�n d'établir la perfor-
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mance de ŕeférence dans des conditions aérospatiales ŕealistes. Bien qu'ef�caces pour l'identi�cation

de �ssures de surface et la localisation des �xations�a faible distance de décollage, les performances

des CF conventionnels se sont nettement dét́erioŕees au-del�a de 11 mm. La qualité du signal dimin-

uait en raison de l'́elargissement de la distribution du champ magnétique, limitant ainsi la capacité �a

résoudre les d́efauts dans des scénarios d'inspection�a grande distance ou�a travers plusieurs couches

structurales.

A�n de surmonter les limites des caractéristiques scalaires des signaux CFP, telles que l'amplitude

maximale ou la pente de décroissance, les signaux fenêtŕes ontét́e projet́es dans un espace pro-

pre ŕeduit au moyen de l'ACPM, puis analysés par une analyse discriminante linéaire appliqúee

aux scores en composantes principales. L'utilisation de vecteurs propres fondés sur des familles

d'échantillons a systématiquement aḿelioré la capacit́e de ǵeńeralisation et ŕeduit le nombre de

faux positifs. Leśechantillons HLT265 ont présent́e la śeparation de classes la plus marquée, tandis

que leséchantillons HLT313�a base de titane ont posé davantage de dé�s en mati�ere de classi�ca-

tion.

Une strat́egie rigoureuse d'établissement de seuils, fondée sur les distributions des scores dis-

criminants, áet́e élaboŕee. Des niveaux de con�ance de 95 % et 99 % ont permis de formuler des

décisions statistiquement fondées quant�a la ŕeinspection ou�a la ŕeparation. La sonde ZEUS a

maintenu une śeparation nette des classes�a des distances de décollageélev́ees, d́emontrant un fort

potentiel d'int́egration dans des syst�emes automatisés ou d́eployables sur le terrain.

Un cadre de mod́elisation dans le domaine temporel aét́e d́evelopṕe au moyen d'une d́erivation

analytique et de simulations par la méthode deśeléments �nis (MEF). L'excitation CFP áet́e

mod́elisée comme une onde carrée unipolaire�a l'aide d'une śerie de Fourier tronqúee, et des in-

ductances complexes dépendantes de la fréquence ont́et́e utilisées a�n de reconstruire les réponses

en courant des bobines par sommation harmonique inverse. Les signaux simulés ont pŕesent́e une

forte concordance avec les données exṕerimentales en termes de forme d'onde, de polarité et de

synchronisation, pour divers ḿetaux pertinents en aérospatiale et pour des distances de décollage

allant jusqu'�a 10 mm. Leśecarts mineurs observés �a des distances plusélev́ees ont́et́e attribúes �a

des effets de fronti�ere non mod́elisés ainsi qu'�a des imperfections de surface.

Ce travail d́emontre la faisabilit́e d'un syst�eme d'inspection CFP sans contact pour la détection

de d́efauts sous-surface sur des aéronefs munis de revêtements furtifs. L'approche combinant

mod́elisation analytique, simulation numérique et validation exṕerimentale constitue une plate-

forme robuste pour le d́eveloppement de sondes CFP, l'interprétation des signaux et leur implan-

tation dans les environnements de maintenance aérospatiale, o�u les techniques conventionnelles de

CF atteignent leurs limites.
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1 Introduction

1.1 General

The aviation industry has made signi�cant progress in reducing the risk of in-�ight component

failure through rigorous inspection programs [1], [2]. These inspections, essential for ensuring op-

erational safety, fall into two primary categories: destructive testing and Non-Destructive Testing

(NDT) [3], [4]. NDT offers several advantages over its destructive counterpart, including cost-

effectiveness, reduced downtime, and preservation of component integrity for continued service.

Recognizing these bene�ts, the aerospace sector has widely adopted NDT as a fundamental quality

control process during manufacturing. Its application enables the identi�cation of defects, disconti-

nuities, and structural imperfections, as well as the detection of damage, material degradation, and

deterioration in critical aircraft components throughout their service life.

To standardize NDT practices in aviation, the Canadian General Standards Board certi�es �ve

conventional NDT techniques for inspecting aircraft materials, components, and structures: Ul-

trasonic Testing (UT), Radiographic Testing (RT), Liquid Penetrant Inspection (LPI), Magnetic

Particle Inspection (MPI), and Eddy Current Testing (ET) [5]. While each technique is effective

within its respective domain, all have inherent limitations. Therefore, selecting the most appropriate

method requires careful consideration of a component's material properties, geometry, and antici-

pated failure modes. Despite continued technological advancements, many inspection challenges

still exceed the capabilities of existing techniques, underscoring the need for ongoing research and

development in Non-Destructive Evaluation (NDE) [6].

Within the Royal Canadian Air Force (RCAF), crack detection for fastener holes involves re-

moval, followed by conventional Bolt-Hole Eddy Current (BHEC) inspections [7]. Radiographic

methods [8] are often impractical due to extended inspection times, high costs, limited reliability,

and strict safety requirements, such as the need to clear hangar facilities because of radiation haz-

ards. While BHEC testing remains an effective technique, the associated maintenance procedures

are highly labour-intensive. This process requires fastener removal by a metal technician, potential

disassembly of skins or substructures, and hole reaming or oversizing, all of which signi�cantly

increase inspection time. Considering that aircraft wings can contain tens of thousands of fasten-
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ers, traditional ET methods demand extensive personnel hours, driving up costs for the RCAF and

reducing aircraft availability for operations.

These limitations are further magni�ed in advanced �ghter platforms, such as the F-35. The

F-35 incorporates Radar-Absorbing Material (RAM) and low-observable structural coatings to min-

imize radar cross-section and enhance stealth capabilities. These materials are highly sensitive to

environmental degradation and mechanical damage, rendering them unsuitable for contact-based

inspection or repeated disassembly. In addition, Stress Corrosion Cracking (SCC) and fatigue dam-

age are known to initiate between fasteners on the aluminum inner wing spars, which secure the

Carbon Fibre Reinforced Polymer (CFRP) wing skins [9], [10]. These critical structural zones must

be routinely monitored to ensure continued airworthiness. However, their inaccessibility beneath

bonded skins and RAM coatings presents a signi�cant barrier to conventional NDT methods.

To overcome these challenges, there is a growing demand for remote through-panel inspection

techniques that eliminate the need for fastener removal or direct probe contact. Such systems would

reduce inspection time and labour, while preserving the integrity of low-observable coatings, which

are essential to stealth performance. Prior research [9], [11], [12], [13], [14] has demonstrated

the feasibility of Pulsed Eddy Current (PEC)-based crack detection and statistical classi�cation at

small lift-off distances. However, extending these techniques to automated remote inspection at lift-

offs exceeding 20 mm—such as those required for through-panel inspection of stealth aircraft—has

not been previously demonstrated. Differential PEC probe designs are particularly well suited to

this application, as they exhibit tolerance to lift-off variations, while remaining sensitive to eddy

current �eld distortions caused by cracks. Two con�gurations are of particular interest: a vertically

differential probe optimized for lift-off measurement and an axisymmetric pickup con�guration that

enhances sensitivity to localized discontinuities.

This thesis is motivated by the need for non-invasive crack detection in the F-35 inner wing spar.

It aims to advance PEC technology by developing an analytical model and hardware implementa-

tion that enables remote, non-contact �aw detection through skin and RAM coatings. Integrating

automated scanning with differential probe con�gurations supports periodic Structural Health Mon-

itoring (SHM), while preserving surface integrity and reducing inspection overhead. The proposed

solution aligns with the broader objectives of third-line maintenance by reducing invasive inspection

procedures and supporting condition-based asset management for �fth-generation stealth aircraft.

1.2 Eddy Current Testing

As described by Faraday's law, eddy currents are circulating electrical currents induced in a con-

ductor by a time-varying magnetic �eld. These currents form closed loops perpendicular to the di-

rection of the applied magnetic �eld in a conducting surface. ET is an NDT technique that leverages

electromagnetic induction to detect �aws and discontinuities in conductive materials by monitoring
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changes in the induced electromagnetic response.

ET employs a probe containing one or more electromagnetic coils to generate and sense an

alternating magnetic �eld that induces eddy currents within the test specimen. The magnitude and

distribution of these currents depend on the material's conductivity, permeability, geometry, and the

presence of discontinuities. When a defect disrupts the eddy current �ow, it alters the associated

magnetic �eld, changing the impedance of the pickup coil. This impedance variation is interpreted

as an eddy current signal, which can be displayed on an impedance plane to identify �aws and

other discontinuities, including changes in geometry. ET is widely used for detecting surface and

near-surface cracks, measuring properties such as resistivity and conductivity, and evaluating the

thickness of thin metals and coatings [15].

Despite its advantages, ET has notable limitations, particularly when inspecting ferromagnetic

and highly conductive materials. The high relative permeability of ferromagnetic materials restricts

eddy current penetration, limiting detection to surface or near-surface regions. Similarly, while

eddy currents penetrate to greater depths in good conductors, the penetration depth remains limited

by conductivity. In both cases, permeability variations can cause false �aw indications, reducing

inspection reliability [15]. Since conductivity and permeability govern eddy current penetration

depth, ET is inherently constrained in applications involving ferromagnetic components [16].

To address these limitations, PEC has emerged as an effective alternative [17]. Unlike conven-

tional ET methods that use sinusoidal excitation, PEC employs square-wave excitation, encompass-

ing a broad range of discrete frequency components and giving rise to a transient electromagnetic

response. Rather than relying on skin-depth principles to increase penetration, PEC exploits tran-

sient electromagnetic diffusion, whereby abruptly applied �elds induce eddy currents that generate

magnetic �elds progressively diffusing into the volume of the conducting and potentially ferromag-

netic material [17], while being dissipated by resistive losses. Early-time responses are con�ned

near the surface, whereas later-time behaviour probes deeper regions of the material as the diffus-

ing �elds spread throughout the sample. This diffusion-driven mechanism enables the detection

of deeper �aws, including in materials with complex geometries and ferromagnetic properties, for

which conventional eddy current techniques are often limited. The combined effects of the exci-

tation frequency spectrum and transient diffusion enable them to meet the increasing demands of

modern industry standards.

The practical implications of PEC are particularly relevant to the inspection of both legacy

aircraft platforms, such as the CF-188, and future Canadian �eets, including the F-35. The F-35

employs RAM coatings to minimize radar signatures, but environmental exposure and accidental

damage can degrade their effectiveness, compromising stealth performance. Minimizing panel re-

moval and replacement during maintenance is, therefore, a priority, motivating the development

of non-contact PEC probe technology. An automated scanning system capable of remote through-

panel assessment could detect subsurface corrosion or cracking beneath the skin, signi�cantly re-
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ducing inspection time, while preserving RAM and skin integrity. Conventional PEC approaches,

previously applied to the CF-188, relied on manual probe placement and direct surface contact—an

approach that is not viable for the F-35.

This thesis builds upon the PEC probe design investigated by Horan et al. [9], [10], who demon-

strated that SCC could be detected in CF-188 inner wing spars using Modi�ed Principal Component

Analysis (MPCA). MPCA reduces PEC signals to a series of eigenvectors and scores that capture

the maximum signal variance. However, this earlier method required manual probe positioning and

physical contact with the wing surface. Given the design sensitivities and operational requirements

of the F-35, this work advances Horan et al.'s [9], [10] methodology by developing a reliable, non-

contact inspection solution that incorporates remote scanning and lift-off-tolerant probe designs.

PEC is uniquely suited for non-contact inspection, maintaining sensitivity at lift-off distances

of several millimetres or greater, depending on material properties and excitation parameters [18].

This capability enables SHM through thin coatings or surface layers, reducing inspection time,

while preserving surface integrity. The central motivation of this research is, therefore, to develop a

PEC probe system capable of remote �aw detection without direct physical contact with the surface.

This work investigates three novel PEC probe con�gurations, classi�ed into two design cate-

gories. The �rst is a vertically differential probe optimized for precise lift-off measurement, particu-

larly at large lift-offs exceeding 10 mm. The second employs differential pickup-coil connections to

identify variations in response caused by discontinuities in the induced eddy current �eld, notably

those arising from crack formation. An analytical model for a vertically differential PEC probe

above a conducting plate is developed to enable probe optimization. The plate model serves as

an idealized approximation of the local electromagnetic response encountered in aerospace struc-

ture inspection, enabling systematic evaluation of probe geometry and lift-off effects. The model

characterizes the electromagnetic behaviour of the vertically differential probe by solving the elec-

tromagnetic Boundary Value Problem (BVP) for the coil–plate system and embedding the resulting

frequency-dependent self and mutual inductances within an equivalent circuit framework. This for-

mulation enables systematic optimization of probe dimensions to enhance sensitivity and accuracy

at elevated lift-offs.

1.3 Objective

The objective of this master's research is to evaluate and enhance the equipment and analytical

techniques used for PEC inspection of the CF-188 and the future Canadian F-35 inner wing spar,

which is covered by a nonconductive skin and contains both ferrous and non-ferrous fasteners. This

study compares two distinct differential probe designs to determine their effectiveness in detecting

structural �aws. By integrating automated scanning and remote through-panel assessment with

differential PEC probes, this research aims to detect subsurface cracks in the F-35 inner wing spar
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without requiring fastener removal or direct probe contact. This technology enables non-invasive

periodic monitoring, while preserving structural integrity and stealth performance.

A signal analysis framework incorporating MPCA is employed to capture maximum signal

variation, followed by discriminant analysis, which reduces the data to one dimension. An ana-

lytical model is developed to describe transient eddy current behaviour in driver–pickup coil cir-

cuits, focusing on a vertically differential probe positioned above a conductive plate. The model is

formulated from differential circuit equations incorporating complex self- and mutual inductance

functions and is solved using Fourier series and Fourier transform techniques to analyze transient

signal behaviour in both the time and frequency domains. BVPs are solved to represent the system's

physical properties, and experimental validation is performed to assess model accuracy.

The results are used to optimize probe design for NDT applications, particularly in fastener

geometries. This research contributes to the development of a new inspection technique for third-

line maintenance, enabling SHM of F-35 aircraft. The anticipated outcome is reduced inspection

time and cost, coupled with improved reliability and ef�ciency in �aw detection.

1.4 Research Survey

A comprehensive literature review was conducted in the �eld of PEC for aircraft structural inspec-

tion, beginning with fundamental analytical developments that establish the theoretical basis for the

transient diffusion of magnetic �elds into conductive media. Early transient eddy current models

trace back to Wwedensky [19], who �rst described the time-dependent electromagnetic diffusion

resulting from an abruptly applied uniform magnetic �eld (a step increase in the applied �eld). His

solution [19] treated the diffusion of abruptly applied magnetic �elds into an in�nitely long conduct-

ing rod. Later, major advances in the time-harmonic domain were made by Dodd and Deeds [20],

whose analytical solution for coaxial coils above conducting plates under sinusoidal excitation has

become foundational to modern ET. However, the Dodd and Deeds model [20] applies strictly to

the time-harmonic case and assumes constant-amplitude current excitation with the pick-up coil op-

erating under high-resistance conditions. As a result, induced pick-up coil currents are negligible,

and driver feedback effects present in voltage-controlled systems can be neglected.

Subsequent analytical advances have extended both transient and time-harmonic formulations.

Bowler [21], Theodoulidis [22], [23], and others [24], [25], [26], [27] expanded the classical frame-

work by incorporating voltage-controlled excitation and more complex geometries using time-

harmonic analysis. In the transient domain, early formulations by Morozova [28] and later ap-

proaches such as Bi et al. [29] advanced transient modelling for single conducting layers, primarily

by improving numerical tractability and computational ef�ciency. A substantially more advanced

and physically accurate transient framework was developed by Desjardins et al. [30], [31], who en-

forced boundary conditions and source–conductor coupling, yielding improved accuracy across the
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full transient response. Prior to this work, hybrid analytical–numerical approaches had been pro-

posed by Fan et al. [32] and Chen and Lei [33] to address limitations of purely analytical transient

models. Later developments by Sun et al. [34] and Theodoulidis and Skarlatos [35] extended tran-

sient modelling methods for multi-layer cylindrical conductive media, enabling ef�cient analysis of

more intricate con�gurations.

Signal-processing strategies in PEC inspections have also evolved to mitigate lift-off varia-

tion and enhance feature reliability. Early contributions include Lift-Off Point of Intersection

(LOI) point analysis by Gigu�ere et al. [36], [37], normalization algorithms introduced by Tian

and Sophian [38], derivative-based feature enhancement by Tian et al. [39], and �ux-invariant ap-

proaches by Huang and Wu [40]. More recent developments have leveraged advanced computa-

tional methods such as wavelet scattering for denoising [41] and Convolutional Neural Networks

(CNNs) for automated defect classi�cation and lift-off compensation [42].

Publications concerning PEC signal analysis using statistical and machine-learning techniques

were also reviewed. These include studies employing multivariate approaches such as Support Vec-

tor Machine (SVM) [43], [44] for supervised defect classi�cation, Principal Component Analysis

(PCA) [43], [44], [45] for unsupervised dimensionality reduction, and MPCA [9], [10], [11], [46],

[47], which omits mean-centering to better preserve transient waveform characteristics. Comple-

mentary methods include Independent Component Analysis (ICA) [44] for independent component

extraction and Mahalanobis Distance (MD) [9], [10], [11], [46] for quantifying statistical devia-

tion from reference distributions to support anomaly detection. Collectively, these techniques have

been applied to the detection of cracks and material degradation in multi-layer, fastener-containing

aerospace assemblies [12], [48], [49], [50], [51].

The following sections outline key developments in analytical modelling, signal processing,

and defect detection that underpin this thesis. Together, these studies highlight the evolution of

PEC from fundamental �eld theory toward advanced inspection methodologies for multi-layer and

fastener-containing aerospace structures.

1.4.1 Analytical Foundations of Pulsed Eddy Current

While conventional eddy current techniques employing sinusoidal excitation have been widely

adopted for defect identi�cation [52], [53], recent research has increasingly focused on advanc-

ing PEC methods. One of the earliest instances of pulsed or transient ET, utilizing square-wave

excitation, was presented by Wwedensky [19], who described the time-dependent diffusion of eddy

currents resulting from the abrupt application of a uniform magnetic �eld into a long cylindrical

conductor.

Although Wwedensky's [19] assumption of an in�nitely extending uniform �eld was later rec-

ognized as a violation of Gauss's law for magnetism, speci�cally the condition of no monopoles [14],

his work [19] nevertheless established a foundational framework for transient excitation analysis.
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However, the resulting solution was valid only at later times, as it treated the externally applied �eld

as independent of the induced eddy currents in the conductor, thereby neglecting boundary condi-

tions and drive coil feedback that are critical during the early stages of eddy current diffusion. His

simpli�cation [19] further constrained subsequent analytical developments by limiting the applica-

bility of the formulation to idealized excitation conditions, reducing its suitability for �nite coils,

voltage-controlled sources, and the more complex or layered structures encountered in practice.

A signi�cant advancement was achieved in the 1960s when Dodd and Deeds [20] introduced

a pioneering analytical model based on the magnetic vector potential formalism. The work of

Dodd and Deeds [20] provided closed-form solutions for eddy currents induced by cylindrical coils

in planar and cylindrical conductors under constant harmonic excitation. Despite its impact, the

Dodd and Deeds model [20] assumed open-circuit pickup coils and constant-amplitude sinusoidal

drive currents, presenting challenges in voltage-controlled systems where feedback from nearby

conductors perturbs coil behaviour [21]. Furthermore, its reliance on high input impedance limited

its applicability in practical measurement scenarios involving �nite pickup coil currents [54].

Building upon these foundations, substantial theoretical progress was made by Morozova [28],

Bowler [21], [55], [56], Theodoulidis [22], [23], [57], and others [24], [25], [26], [27], who re�ned

the modelling of induced voltages and coil impedance variations for NDT applications. Fan et

al. [32] advanced analytical modelling by characterizing transient responses of air-cored coils near

layered conductors subjected to step-function voltage excitation, improving upon earlier current-

driven approaches.

Expanding this framework, Desjardins et al. [14] developed an analytical model for trans-

mit–receive PEC probes with encircling coils positioned around cylindrical rod geometries. The

model by Desjardins et al. [14] incorporated �nite coil impedances and voltage-controlled excita-

tions, effectively addressing feedback effects and improving transient electromagnetic �eld predic-

tions.

In recent years, Chen and Lei [33] investigated transient PEC �elds surrounding ferromagnetic

pipes, while Sun et al. [34] provided detailed analyses of ferromagnetic casings, contributing to a

deeper understanding of transient Electromotive Force (emf) behaviour relevant to NDE applica-

tions. Recognizing the limitations of purely analytical methods, Theodoulidis and Skarlatos [35] in-

troduced a hybrid analytical–numerical approach employing Laplace inversion to ef�ciently model

transient eddy current responses in multi-layer cylindrical media.

More recently, Bi et al. [29] enhanced PEC modelling ef�ciency through an adaptive interpolation-

based Fourier transform method, supporting integration with machine learning frameworks. Fu

et al. [42] further highlighted the role of data-driven approaches in PEC, emphasizing automated

defect classi�cation, lift-off compensation, and predictive maintenance through deep-learning ar-

chitectures. Yan and Chen [58] addressed dynamic modelling challenges under pulsed excitation

involving relative motion, providing further insight into transient coupling behaviour.
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While analytical models established the theoretical framework for transient �eld behaviour,

signal-processing advancements were essential to translate these responses into reliable defect in-

dicators under practical inspection conditions.

1.4.2 Signal Processing Techniques in Pulsed Eddy Current Inspections

Lift-off variations pose a signi�cant challenge in eddy current NDT, including PEC inspections,

impacting signal reliability and hindering defect detection accuracy. Various techniques have been

developed to address these challenges, each tailored to speci�c PEC applications and material con-

�gurations.

One of the most widely used methods is the LOI, introduced by Gigu�ere et al. [37], which

identi�es a point in the transient response that remains largely insensitive to probe coupling or

lift-off changes. By analyzing transient signals across various lift-offs, Gigu�ere et al. [36], [59]

determined the LOI time at which amplitude variation most reliably indicates defect presence. This

approach is particularly effective under conditions of unknown or varying lift-off, such as CF-188

inner wing inspections [36]. However, the analysis was initially limited to sub-millimetre lift-offs

typical of corrosion detection in aircraft lap joints, where variations often arise from protruding

rivets, uneven skin panels, or differences in paint thickness.

Subsequent research expanded LOI applications to diverse structural con�gurations. Angani

et al. [60] employed LOI-based features for plate thickness evaluation, Liu et al. [61] applied the

approach to defect quanti�cation in layered structures, and Lefebvre et al. [62] demonstrated that

both LOI time and amplitude follow characteristic curves governed by conductivity and thickness.

These studies con�rmed that LOI-based analysis provides a robust indicator of material properties

and defect signatures in the presence of lift-off variation.

Another widely adopted strategy for lift-off mitigation is signal normalization. Tian and Sophian

[38] introduced a normalization algorithm using reference signals to improve metal loss quanti�-

cation and subsurface slot detection, though their method was validated only for small lift-offs

between 0 to 0:4 mm. Subsequent investigations by Lefebvre and Mandache [63] identi�ed LOI

effects in conductive, non-ferrous layers over ferromagnetic substrates, while Mandache and Lefeb-

vre [18] established that LOI is a fundamental property of eddy currents, not limited to transient

responses. Kral et al. [64] further modelled LOI formation using a linear transformer approach,

relating it to time derivatives of signals from Giant Magnetoresistance (GMR)-based probes.

Beyond LOI, further normalization-based methods have been explored. Tian et al. [39] con-

�rmed that lift-off invariance applies to pickup coils and magnetic sensors, which led to theoretical

modelling techniques for lift-off estimation, including potential applications in sensor arrays. Yu

et al. [65] investigated indirect lift-off compensation through differential signal slope analysis for

surface defect depth measurements. At the same time, Huang and Wu [40] demonstrated that the

relative rate of magnetic �ux change is independent of lift-off, offering a reliable metric for es-
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timating ferromagnetic plate thickness. Additionally, Tian et al. [66] applied frequency-domain

normalization techniques to mitigate lift-off effects effectively.

Recent advancements in PEC signal processing have expanded beyond traditional normaliza-

tion and LOI methodologies. Sudirman et al. [41] employed the wavelet scattering transform to en-

hance transient signal denoising and improve ferromagnetic material thickness measurements. Fu et

al. [42] integrated machine-learning frameworks, particularly CNNs, to facilitate automated defect

classi�cation and depth estimation, enabling fully integrated PEC analysis in complex environ-

ments. Developments in PEC array probe con�gurations, as demonstrated by Demers-Carpentier et

al. [67], introduced spatial �ltering capabilities to improve sensitivity and inspection coverage.

Building on signal-processing advancements, several studies [9], [10], [30], [31], [42], [50] have

explored data-driven feature extraction and classi�cation techniques to enhance PEC sensitivity in

layered and multi-material aerospace structures.

1.4.3 Defect Detection in Multi-Layer Aircraft Structures

PCA has been one of the most widely used feature extraction techniques in PEC signal analysis,

since its introduction by Sophian et al. [68], who proposed a novel PCA-based feature for defect

classi�cation. This approach was further expanded by Tian et al. [38], who re�ned the extraction

process to improve sensitivity and dimensionality reduction.

In 2013, He et al. [43], [44] investigated the use of PCA for feature extraction and SVM for

automated defect classi�cation in two-layer specimens. He et al. [43] observed that defects at dif-

ferent depths in�uence the PEC signal at distinct times, with deeper defects primarily affecting later

portions of the transient response owing to diffusion-controlled �eld penetration, thereby altering

the waveform shape. However, these temporal variations were often subtle compared to the domi-

nant amplitude component, which primarily depends on defect width. This �nding aligns with the

numerical results of Cadeau et al. [13], who demonstrated through experiments that PEC signal

amplitude is strongly in�uenced by defect depth and probe geometry, emphasizing the importance

of optimized probe design for improved depth sensitivity.

He et al. [43] showed that signal normalization ampli�es defect-related differences, while mit-

igating lift-off and air-gap effects, thereby enhancing PCA's sensitivity to changes in the transient

response associated with defects. When PCA was applied without normalization, classi�cation

accuracy reached 83:4 % using the �rst two principal components, improving to 100 % after nor-

malization. Under variable lift-off conditions ranging from 0 to 1:4 mm, accuracy increased from

61:4 % before normalization to 91:7 % [43]. He et al. [43] emphasized that SVM performance

depends heavily on a suf�ciently diverse training dataset to ensure reliable classi�cation.

In a complementary study, He et al. [44] compared PCA and ICA for feature extraction when

coupled with SVM. Their analysis [44] transformed the PEC signal into the frequency domain prior

to feature extraction, showing that while PCA captures correlated variations, ICA separates statis-
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tically independent components, producing clearer clustering and superior classi�cation. Speci�-

cally, PCA alone achieved 82 % accuracy, improving to 98:9 % with SVM; ICA achieved 85:4 %

alone and 100 % when integrated with SVM [44]. He et al. [44] concluded that independent compo-

nents form tighter clusters than principal components, con�rming the advantage of ICA for defect

classi�cation. Furthermore, they [44] found that time-domain responses were more effective for

detecting bottom-layer defects, whereas frequency-domain features offered improved detection of

top-layer defects.

While He et al. [43], [44] focused on enhancing feature extraction through normalization and

machine learning, Pan et al. [45] advanced PEC defect classi�cation by leveraging selected fre-

quency responses and PCA to address air-gap challenges in two-layer structures. Pan et al. [45]

conducted experiments to classify surface defects, subsurface defects, and material thickness varia-

tions, emphasizing that inter-layer corrosion—complicated by lift-off and air gaps—remains a key

challenge in multi-layer inspections.

Unlike earlier studies that primarily used time-domain signals for PCA, Pan et al. [45] demon-

strated that frequency-domain features extracted via Fourier series analysis of the square-wave ex-

citation provided complementary diagnostic information. Pan et al. [45] reported that frequencies

between 3:7 kHz and 5:4 kHz were optimal for classifying second-layer defects, whereas higher

frequencies from 12 kHz to 25 kHz were more effective for �rst-layer detection. Moreover, Pan et

al. [45] successfully classi�ed surface and subsurface defects in layered samples with inter-layer

air gaps ranging from 0 to 1:4 mm, con�rming the utility of frequency-domain PCA for multi-layer

PEC inspection.

Although defect detection in planar multi-layer specimens has matured, detecting cracks around

fasteners remains a major challenge due to geometric complexity and magnetic �eld distortion. The

following studies chronicle progressive efforts to overcome these limitations using ferrite-cored and

differential PEC probes.

1.4.4 Pulsed Eddy Current Crack Detection in Fastener-Containing Structures

Numerous studies have investigated the feasibility of using PEC techniques to detect subsurface

cracks in multi-layer aircraft components, particularly around fasteners, where conventional ET

techniques are often limited by geometric and material complexities.

In 2010, Whalen [48] demonstrated that a PEC probe with a ferrite-cored central driving coil

and differentially paired pickups could detect subsurface notches located at the edge of multi-layer

aluminum structures containing ferrous fasteners. The fastener acted as a magnetic �ux conduit,

thereby enhancing eddy current penetration and improving �aw detectability [48]. Whalen [48]

further proposed that enlarging the ferrite core diameter relative to the fastener head would improve

�ux transfer, optimizing detection performance.
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In 2012, Desjardins et al. [49] investigated PEC inspection at fastener locations in aluminum

plates, concluding that transient �elds enhance �ux transfer due to fastener magnetization. They [49]

showed that inserting a steel rod into the bolthole ampli�ed induced currents and extended transient

decay, thereby improving crack detection. Desjardins et al. [49] also examined a PEC probe with

a transmit coil and two lateral differential pickups, demonstrating that concentrated �ux along the

ferrous fastener—intensi�ed by the steel rod—produced strong angular signal variation when de-

tecting cracks located 1:3 mm beneath the surface. Their �ndings [49] con�rmed that �ux enhance-

ment from ferrous fasteners enables deeper eddy current penetration and improves subsurface crack

detection in lap-joint structures.

In 2013, Horan et al. [9], [10] explored PEC for detecting SCC in CF-188 wing spars with thick

CFRP skins, extending the probe developed by Desjardins et al. [49] by incorporating a ferrite-

cored central driving coil and two 180� opposed differential pickups. Their [9], [10] experimental

setup simulated an inner wing spar using a 3:2 mm thick 7075-T6 aluminum strip with ferrous

fasteners beneath a 13 mm thick Nylon-6 overlayer. The test con�guration included blank and

notched fastener sites with 0:2 mm wide notches of varying lengths extending from borehole edges

toward adjacent fasteners [9], [10]. An acrylic alignment tool ensured consistent probe positioning,

and measurements were collected at each fastener site. Horan et al. [9], [10] introduced MPCA

formalism for defect classi�cation, using the �rst four eigenvectors to project the PEC signals into

score plots. Clustering of the third versus second MPCA score (s3 vs. s2) effectively distinguished

cracked from defect-free fastener sites. Despite the alignment tool, transient responses remained

highly sensitive to axial misalignment, while perpendicular offsets of up to 0:5 mm had negligible

effects, prompting Horan et al. [9], [10] to implement MD for real-time outlier detection based on

misalignment.

In 2014, Babbar et al. [50] developed Finite Element Method (FEM) models to simulate PEC-

based notch detection in lap-joint structures representative of the CP-140 Aurora wing. Their [50]

simulated probe con�guration—a central ferrite-cored driving coil surrounded by eight differen-

tially paired pickup coils—became a standard layout for later experimental validation. Their [50]

two-layer aluminum sample included cracks of various sizes and orientations. Even in defect-free

samples, lap-joint edges signi�cantly in�uenced differential signals, particularly when located at

270� on the top layer and 90� on the second layer [50]. Second-layer cracks produced weaker sig-

nals representing delayed time, consistent with observations by Horan et al. [9], [10], who found

that displacements perpendicular to the lap-joint edge had minimal signal variation, whereas shifts

along the edge altered the signal shape and amplitude [50]. Babbar et al. [50] applied MPCA to

isolate defect-related signals from probe misalignment, showing that displacement effects were cap-

tured by the �rst eigenvector, while second-layer cracks appeared in the second. Their [50] results

con�rmed the potential of PEC for detecting cracks and inferring their depth and orientation in

multi-layered aluminum structures with ferrous fasteners.
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In 2015, Stott et al. [46] experimentally validated the probe design previously simulated by

Babbar et al. [50], assessing crack detection in multi-layer aluminum lap-joint structures represen-

tative of a CP-140 Aurora wing. Samples containing blank fastener sites and Electrical Discharge

Machining (EDM) notches of varying sizes and orientations were inspected using the same ferrite-

cored probe layout [46]. PEC signals were analyzed using MPCA; however, due to notch diversity,

conventional discriminant analysis [69] proved ineffective. Stott et al. [46] instead applied MD

to quantify score separation, revealing a direct correlation with crack size and enabling effective

sizing. This approach achieved a 97 % detection rate at 99 % con�dence, with a 4 % false-call rate

and 100 % detection at 95 % con�dence when the threshold was increased to 10 %. Although false

calls required follow-up BHEC inspection, they [46] emphasized that PEC-based screening reduced

unnecessary fastener removal and inspection time. Stott et al. [46] ultimately validated PEC as an

effective technique for detecting cracks in layered aluminum and improving aircraft maintenance

ef�ciency.

In 2016, Butt et al. [11], [70], [71] demonstrated that PEC can detect second-layer cracks in

multi-layer aluminum lap-joint structures without fastener removal. Four probe con�gurations were

evaluated to assess the in�uence of the driving-coil core diameter on magnetic �ux transfer, as

postulated by Whalen [48]. Each design featured a ferrite-cored driving coil and eight symmet-

rically positioned pickup coils paired at 180� intervals [11]. An 8 mm core, slightly larger than

the 7 mm fastener head, enhanced magnetic �ux transfer and eddy current induction [48], while a

non-inverting op-amp improved signal quality. Butt et al. [11] examined seven Naval Air Systems

Command (NAVAIR) samples representative of the CP-140 Aurora wing lap-joint structure, incor-

porating 2024-T3 aluminum plates joined by ferrous fasteners, deliberately introducing inter-layer

gaps to simulate lap-joint separation, and EDM notches positioned at 45� angles. An acrylic align-

ment tool ensured concentric probe positioning over each fastener. Transient signals were gated, and

MD was computed from blank fastener scores to classify defects. Additional processing mitigated

environmental, repeatability, and geometric inconsistencies. Detection rates ranged from 81 % to

99 % at a 5 % false-call rate [11], validating PEC as a viable technique for inspecting multi-layered

aircraft structures without fastener removal, while reducing inspection time and costs.

In 2018, Uemura et al. [12] expanded upon the work of Butt et al. [11], [70], [71] by evaluat-

ing the impact of parameter variability—including probe misalignment, temperature �uctuations,

and fastener-to-lap-joint edge distance—on PEC inspection performance. Building on observations

by Horan et al. [9], [10] and Babbar et al. [50], they [12] found that off-centre displacements of

up to 2 mm shifted signal variation from the �rst to the second MPCA score (s1 to s2), reducing

second-layer crack detection and increasing false calls. Temperature �uctuations between 10 and

30� C introduced electrical noise but had minimal impacts on detection rates. Improved fastener-

to-lap-joint edge positioning enhanced overall detection accuracy from 86:0 % to 93:4 %, while

reducing the false-call rate from 5:5 % to 4:2 %. A Probability of Detection (POD) analysis using
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MH1823 software yielded an a90=95 of 1:98 mm, which was further reduced to 1:70 mm with im-

age processing. Based on these �ndings, Uemura et al. [12] recommended standardizing PEC as an

approved NDT method for bolt-hole crack detection, citing its ability to support localized BHEC

con�rmation, while minimizing fastener extractions, maintenance time, and inspection frequency.

In 2024, Punter and Hughes [51] investigated the feasibility of implementing a permanently

installed PEC SHM system for continuous defect detection in aerospace structures containing fas-

teners. Building upon the �ux-enhancement principles demonstrated by Desjardins et al. [49] and

the �nite-element modelling framework established by Babbar et al. [50], Punter and Hughes [51]

examined the in�uence of bolt and nut material properties on eddy current generation in defec-

tive regions using FEM. Their analysis [51] demonstrated that ferrous bolts increased eddy current

generation by 30:2 % compared to non-ferrous bolts due to enhanced magnetic-�ux conduction,

while ferrous nuts introduced magnetic shielding effects that reduced current density around de-

fects. Punter and Hughes [51] emphasized the importance of optimizing sensor con�gurations,

particularly pickup-coil placement, to maximize detection sensitivity in environments with varying

fastener materials. Although their study was primarily simulation-based, Punter and Hughes [51]

proposed future experimental validation to con�rm detection capabilities and assess the practical

integration of embedded PEC sensors within aerospace components. Their work [51] underscored

the potential of PEC-based SHM systems to enable continuous, real-time monitoring of crack ini-

tiation and growth around fasteners, offering a pathway to reduced aircraft downtime, enhanced

maintenance ef�ciency, and improved structural-integrity management.

1.5 Thesis Scope and Methodology

This section summarizes the organization and methodology of the thesis.

Chapter 2 establishes the theoretical foundation for PEC inspection, beginning with a re-

view of electromagnetic fundamentals—Maxwell's equations, Ohm's law, and the diffusion equa-

tion under the Magnetoquasistatic (MQS) approximation. Analytical tools such as integral trans-

forms and Fourier series are introduced to solve BVPs and to reconstruct time-domain responses

from frequency-domain formulations. Equivalent circuit models, convolution theory, and statistical

methods—including PCA, MPCA, and discriminant analysis—are presented for �aw classi�cation

and signal interpretation. The chapter concludes with resistivity measurement techniques used for

model calibration and material characterization.

Chapter 3 describes the experimental methodology used to validate analytical and numeri-

cal models through measurements from four custom-designed probes—ZEUS, ARES, THOR, and

ODIN—tested under varying lift-off and �aw conditions. ZEUS and ARES are vertically differen-

tial probes optimized for lift-off sensitivity, while THOR and ODIN employ radially offset pickup

coils to detect �eld asymmetries. The chapter details probe construction, sample con�gurations,
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and the automated Laboratory Virtual Instrument Engineering Workbench (LabVIEW) -based data-

acquisition system developed for signal data capture and export.

Chapter 4 outlines the signal-processing framework used to extract, classify, and interpret PEC

signals. The approach combines time-domain gating with MPCA and discriminant analysis to

isolate features sensitive to material discontinuities. A calibration model composed of principal-

component vectors and regression coef�cients is applied to new measurements for automated clas-

si�cation, enabling real-time visualization and �aw detection in LabVIEW.

Chapter 5 introduces the analytical model for a vertically differential PEC probe above a con-

ductive plate. Complex self- and mutual inductances are derived from circuit equations and evalu-

ated via Fourier and Hankel transforms. The frequency-domain formulation is converted to the time

domain using inverse-Fourier summation of a square-wave excitation, enabling parametric analysis

of probe geometry, lift-off, and material effects.

Chapter 6 presents analytical-model results validated against FEM simulations and experi-

mental measurements. Time-domain PEC responses are reconstructed from complex inductances

to assess the in�uence of lift-off, conductivity, and thickness. Quantitative agreement across ana-

lytical, numerical, and experimental datasets con�rms the model's predictive capability for probe

optimization and signal interpretation.

Chapter 7 extends the validation through a coded experimental design to propagate uncertainty

and identify dominant contributors to signal variability. Results demonstrate the model's ability

to reproduce waveform morphology, amplitude, and lift-off sensitivity accurately, con�rming its

robustness for parametric studies.

Chapter 8 evaluates conventional ET for crack detection around fasteners under variable lift-off

and material conditions. Using the ZEUS, THOR, and ODIN probes, the study quanti�es alignment

effects and compares �aw visibility across stainless-steel and titanium specimens. Limitations of

sinusoidal excitation are highlighted, motivating the adoption of multivariate, PCA-based classi�-

cation for enhanced sensitivity in low-conductivity or high lift-off scenarios.

Chapter 9 summarizes �aw-classi�cation results using principal component–based discrimi-

nant analysis. The impact of probe architecture, eigenvector selection, and lift-off height on de-

tection accuracy is examined, con�rming the superior performance of vertically differential probes

and family-based eigenspaces.

Chapter 10 integrates experimental, analytical, and computational �ndings to evaluate the fea-

sibility of a PEC system for detecting stress-corrosion cracking in aerospace fasteners. Comparative

results demonstrate the advantages of broadband, pulsed excitation over conventional ET. The chap-

ter concludes with recommendations to expand material coverage, re�ne classi�cation algorithms,

and integrate PEC within automated aerospace NDT platforms.
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2 Theory

2.1 General

This chapter presents the theoretical background underpinning PEC inspection. It begins with

Maxwell's equations and the constitutive relationships that describe the interaction between electric

and magnetic �elds in conductive media. From these, the diffusion equation is derived to represent

the time-dependent behaviour of magnetic �elds and current densities in the presence of a conduc-

tor. The magnetic vector potential formulation is introduced to simplify the governing equations in

axisymmetric geometries, and the vector Laplacian in cylindrical coordinates is derived for BVPs.

Eddy current theory is then reviewed, including the formation of induced currents under alternating

excitation, the skin effect, and the dependence of penetration depth on material properties and ex-

citation frequency. The PEC method is introduced as a transient extension of classical ET, utilising

square-wave excitation to generate broadband responses. Equivalent circuit models are developed

to describe the time-domain behaviour of both driver and pickup coils, incorporating the effects

of self- and mutual inductance. Mathematical tools, including the Fourier transform, the Fourier

cosine transform, and the Hankel transform, are presented as methods for solving the associated

Partial Differential Equation (PDE) in geometries involving in�nite domains or layered structures.

Signal processing approaches for interpreting PEC responses are then described, followed by a

discussion of PCA and discriminant analysis methods for �aw detection and classi�cation. These

theoretical foundations form the basis for the modelling, simulation, and analysis methods devel-

oped throughout this thesis.

2.2 Electromagnetic Theory

Maxwell's equations express the fundamental principles of electromagnetism, describing how elec-

tric and magnetic �elds interact with charges and currents in space. Maxwell's four equations in

free space are given as [72]:

r � E =
1
� 0

�; (2.1)
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r � E = �
@B
@t

; (2.2)

r � B = 0; (2.3)

r � B = � 0J + � 0� 0
@E
@t

: (2.4)

Here, t represents time, E denotes the electric �eld, B represents the magnetic �eld, J is the

current density, � is the charge density, �0 is the permittivity of free space, and �0 is the permeability

of free space. Equation 2.1 is Gauss's law for electricity; Equation 2.2 is Faraday's law of induction;

Equation 2.3 is Gauss's law for magnetism; and Equation 2.4 is Amp�ere's law with Maxwell's

correction.

Ohm's law, which relates the current density to the electric �eld, is expressed as [73]:

J = �E; (2.5)

where � is the electrical conductivity of the medium. For linear and isotropic media, the following

relationships hold [72]:

B = �H; (2.6)

D = �E; (2.7)

where H is the magnetic �eld intensity related to B through the permeability �, and D is the electric

displacement �eld related to E through the permittivity �.

Using these relationships, Maxwell's equations in matter for linear and isotropic media be-

come [72]:

r � D = � f ; (2.8)

r � E = �
@B
@t

; (2.9)

r � B = 0; (2.10)

r � H = J f +
@D
@t

; (2.11)

where �f is the free charge density and Jf is the free current density.

From the vector calculus identity r � (r �A) = 0 and Equation 2.10, the magnetic �ux density

B can be expressed as the curl of a magnetic vector potential:

B = r � A: (2.12)

Substituting Equation 2.12 into Equation 2.9 gives:

r � E = �
@(r � A)

@t
= �r �

@A
@t

: (2.13)
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Using the vector identity r � rV = 0, Equation 2.13 simpli�es to:

E = �
@A
@t

� rV; (2.14)

where V is a scalar potential. In the absence of a potential gradient (rV = 0), Ohm's law can be

expressed in terms of the magnetic vector potential as:

J = ��
@A
@t

: (2.15)

Assuming the Coulomb–gauge condition r � A = 0 and substituting Equation 2.12, Equa-

tion 2.14, and Equation 2.15 into Equation 2.4, the full wave equation is obtained:

r 2A = ��
@A
@t

+ ��
@2A
@t2

: (2.16)

Under the MQS approximation [73], the second term on the right-hand side of Equation 2.16,

which arises due to displacement currents, can be neglected for frequencies below approximately

10 MHz [20]. Assuming isotropic conductivity and permeability, Equation 2.16 simpli�es to:

r 2A � ��
@A
@t

: (2.17)

Equation 2.17 is the electromagnetic analog of heat diffusion in solids, where electromagnetic

�eld variations occur in three dimensions. Substituting Equation 2.5 into Equation 2.17, the current

density in the drive coil can be determined as:

r 2A = ��J: (2.18)

The vector Laplacian r2 of the magnetic vector potential A in cylindrical coordinates (r; �; z)

takes the form [74]:

r 2A =

2

6
6
4

@2A r
@z2 + @2A r

@r2 + 1
r

@Ar
@r � A r

r 2 + 1
r 2

@2A r
@�2 � 2

r 2
@2A �
@�2

@2A �
@z2 + @2A �

@r2 + 1
r

@A�
@r � A �

r 2 + 1
r 2

@2A �
@�2 + 2

r 2
@2A r
@�2

@2A z
@z2 + @2A z

@r2 + 1
r

@Az
@r + 1

r 2
@2A z
@�2

3

7
7
5

r̂

�̂

ẑ

(2.19)

For most coil problems, the current density in Equation 2.18 is axially symmetric and circulates

in the circumferential (�) direction. This implies that A is also oriented in the �-direction, giving

A r = A z = 0 and @A�
@� = 0. Under these assumptions, the vector Laplacian reduces to:

r 2A � =
h

@2A �
@z2 + @2A �

@r2 + 1
r

@A�
@r � A �

r 2

i
�̂: (2.20)

The diffusion equation (Equation 2.17) and the vector Laplacian in cylindrical coordinates

(Equation 2.19), together with appropriate boundary conditions, form the basis of the eddy cur-

rent BVP.
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2.2.1 Diffusion Equations

The diffusion of magnetic �elds in conducting media governs eddy current behaviour at frequencies

below approximately 108 Hz [20]. Applying the curl operator to Equation 2.9 yields:

r � (r � E) = �r �
@B
@t

: (2.21)

Using the vector identity for second derivatives [72]:

r � (r � E) = r(r � E) � r 2E; (2.22)

Equation 2.21 can be expressed as:

r(r � E) � r 2E = �
@
@t

(r � B) : (2.23)

For a good conductor (i.e., one where � � !�), surface charges dissipate rapidly, leading to

� = 0 [72]. Thus, Equation 2.8 simpli�es to r � E = 0. With this and Equation 2.11, Equation 2.23

becomes:

r 2E =
@
@t

�
��E + ��

@E
@t

�
: (2.24)

Rearranging Equation 2.24 yields:

r 2E = ��
@E
@t

+ ��
@2E
@t2

: (2.25)

Equation 2.25 represents Maxwell's modi�ed wave equation [72]. A similar expression can be

derived for the magnetic �eld B [72]:

r 2B = ��
@B
@t

+ ��
@2B
@t2

: (2.26)

For good conductors under time-harmonic conditions where �! � �, and ! is the angular

frequency, the �rst term can be neglected for frequencies below approximately 10 MHz [20]. As-

suming isotropic conductivity and permeability, Equation 2.25 and Equation 2.26 simplify to

@E
@t

=
1

��
r 2E; (2.27)

@B
@t

=
1

��
r 2B: (2.28)

In a conducting volume, where Ohm's law applies, the time-dependent electric �elds are pro-

portional to current densities, which can be described using Equation 2.5. Substituting Equation 2.5

into Equation 2.27 gives the diffusion equation [20]:

r 2J = ��
@J
@t

: (2.29)

18



This form closely resembles Equation 2.17, indicating that A and J are in the same direction. Under

time-harmonic conditions, the time-dependent current density can be expressed as [20]:

J(t) = J 0ej!t ; (2.30)

where J0 represents the maximum current amplitude. When a plane wave travels into a conducting

half-space perpendicular to the z-axis, the solution to Equation 2.29 becomes [75]:

J = J se�z=� ej( z
� �!t ) ; (2.31)

where Js is the surface current density and � is the skin depth. The �rst exponential term in Equa-

tion 2.31 represents the attenuation of current density into the material. The second term accounts

for the increasing phase lag of the sinusoidal signal as it penetrates deeper into the conductor.

These diffusion characteristics directly determine eddy current penetration depth, a key param-

eter in electromagnetic inspection. The penetration and density of eddy currents within a sample

are crucial considerations in any ET application. Eddy current density, as given by Equation 2.31,

decreases exponentially with depth, known as the skin effect. The depth at which the current den-

sity has reduced to 1=e of the surface density is termed the standard depth of penetration (�) [76].

Under time-harmonic conditions, the skin depth � is given by:

� =

r
2

!��
; (2.32)

Under conditions where the �eld excitation is not time-harmonic but a single square pulse, as

in PEC, the transient decay of the induced eddy currents occurs. Rough estimates for solutions to

the diffusion equations can be made as [77]:

@B
@t

�
B
� D

; r 2B �
B
`2 ; (2.33)

where �D is the characteristic magnetic diffusion time constant, and ` is the representative charac-

teristic length of the conductor. The diffusion time �D for these transient eddy currents in a given

material can be expressed as [73], [77]:

� D � ��` 2: (2.34)

Here, ` depends on the conductor's geometry and measurement con�guration. The magnetic and

electric �elds will dissipate from the conductor's volume in a characteristic diffusion time, �D ,

which depends on both conductivity and permeability. The complete transient response can be

understood as a series of discrete relaxation times, with the longest relaxation time described by

Equation 2.34, resulting in greater penetration depth by eddy current �elds. The general time-

domain solutions to the differential Equation 2.28 for pulse excitations are of the form [77]:

B = f
�

e�t=� D

�
; (2.35)
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Hence, an increase in conductivity leads to a longer diffusion time. Alternatively, Equation 2.34

can estimate the distance ` over which �elds exist in a conductor subjected externally to transient

�elds [78]:

` �
r

� D

��
; (2.36)

This equation highlights how changes in the sample's electrical conductivity, magnetic permeability,

or diffusion time affect the signal output. An equivalent expression for the largest skin depth under

transient conditions can be obtained by using Equation 2.34 [75]:

� �
r

� D

��
: (2.37)

Equation 2.37 has the same dimensions as the characteristic length, `, in Equation 2.36. Equa-

tion 2.32 reveals that penetration depth depends on the sample's excitation frequency, magnetic

permeability, and electrical conductivity, while Equation 2.37 depends on the sample's diffusion

time, magnetic permeability, and electrical conductivity. Notably, lower frequencies result in deeper

penetration, while higher frequencies yield shallower penetration. This relationship is depicted in

Figure 2.1. At 3�, the strength of the eddy currents has decreased by approximately 95 % compared

to that induced at the sample surface.

Figure 2.1: Penetration depth changes as frequency changes for conventional ET.

2.3 Eddy Current Theory

ET is a NDT technique widely used for examining conducting structures [79]. It relies on Faraday's

law of induction, which describes how a changing magnetic �eld interacts with an electric circuit

to produce an emf [72]. Eddy currents are electrical currents induced in a conductor when an

alternating current passes through one or more coils in a probe assembly near the surface of the
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specimen [16]. According to Faraday's law, the alternating current induces an oscillating magnetic

�eld within the conductor. Lenz's law, contained within Faraday's law, states that the induced

current opposes the change in magnetic �ux caused by the time-varying �eld [72], as illustrated in

Figure 2.2.

Figure 2.2: Illustration of eddy current formation based on Faraday's law of induction.

Faraday's law can be expressed as:

" = �
d� B

dt
=

I
E � dl; (2.38)

where " is the induced emf, �B is the magnetic �ux, dl is an incremental length element around a

closed path, andd� B
dt is the rate of change of magnetic �ux. Lenz's law provides the direction of

the induced emf: the resulting current always opposes the change in magnetic �ux that produced it.

The magnetic �ux through a surface S is given by:

� B =
Z

B � da; (2.39)

where da is the incremental vector area element. Substituting into Faraday's law yields its integral

form: I
E � dl = �

Z
@B
@t

� da: (2.40)

By applying Stokes' theorem, this relation becomes the differential form of Faraday's law, presented

as Maxwell's Equation 2.2.

An induced emf will appear whenever the magnetic �ux through a circuit changes. A sensing

element, such as a coil or magnetic sensor, detects these �eld variations. Any deviation from the

reference signal output can therefore indicate the presence of discontinuities or changes in material

properties that impede the eddy current �ow.
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A key factor in�uencing ET is lift-off —the distance between the excitation coil surface and the

conducting material surface. This separation affects the mutual inductance between the conductors

and, consequently, the magnitude of the induced emf in the pickup coil. As lift-off increases,

the induced signal amplitude decreases due to reduced magnetic coupling. When lift-off becomes

suf�ciently large, the induced emf in the secondary coil diminishes below the detectable limit,

thereby reducing inspection sensitivity.

2.4 Pulsed Eddy Current Theory

The PEC technique differs from conventional ET in that it employs a voltage step function to excite

the coil. As illustrated in Figure 2.3, step voltage excitation is applied to the coil to generate a tran-

sient electromagnetic �eld. The square shape of the excitation waveform, shown in Figure 2.3(a),

provides broadband frequency content, enabling simultaneous data collection across a wide range

of frequencies and penetration depths as the pulse propagates through the test specimen.

The drive current response is in�uenced by the back emfs generated in the drive coil, test spec-

imen, and any neighbouring pickup coils. At the rising and trailing edges of the pulse, transient

changes in the drive current occur (Figure 2.3(b)), producing induced eddy currents within the test

object. As these eddy currents and associated magnetic �elds diffuse through the material, they are

attenuated and dispersed according to the sample's conductivity and magnetic permeability, as de-

scribed by Equation 2.35. The solution to the corresponding BVP determines the precise temporal

shape of the response.

According to Lenz's law, the induced eddy currents produce a secondary magnetic �eld that

opposes the primary excitation �eld. The decay characteristics of this magnetic �eld are in�uenced

by the material's electromagnetic properties and the presence of structural anomalies or discontinu-

ities. A pickup coil or magnetic sensor detects the resulting time-varying magnetic �eld, as shown

in Figure 2.3(c). The measured time-dependent voltage response provides valuable information

regarding the specimen's electromagnetic properties, defect characteristics, and depth variations.

Figure 2.3: Illustration of the PEC technique: (a) Square-wave voltage excitation applied to the driving coil,
(b) resulting transient magnetic �eld response, and (c) pickup-coil voltage signal.
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2.4.1 Equivalent Circuit Analysis

When a voltage is applied to the excitation coil, the resulting current approaches a constant value

governed by the circuit's resistance and inductance. The excitation coil's transient response can be

represented by a simple R�L circuit, as shown in Figure 2.4. This con�guration models the PEC

driver coil under a square-wave excitation.

Figure 2.4: An R�L circuit representing a typical PEC excitation coil.

Kirchhoff's Voltage Law (KVL) states that the algebraic sum of the electrical potential differ-

ences around any closed loop is zero [80]. Applying KVL to the circuit in Figure 2.4 gives [81]:

V � i(t)R � L
di(t)

dt
= 0; (2.41)

where V is the applied voltage, R is the circuit resistance, i(t) is the time-dependent current, and

the self-inductance L is treated as a lumped circuit element de�ned by the ratio of magnetic �ux

linkage to current [72],

L =
d�
di

; (2.42)

where � denotes the total magnetic �ux linked by the circuit. Although the underlying magnetic

�eld and associated �ux distribution are spatially distributed, their net effect is represented by a

single equivalent inductance under the quasi-static approximation. Solving Equation 2.41 for i(t)

under the initial condition i(0) = 0 yields the transient current expression [72]:

i(t) =
V
R

�
1 � e � R

L t
�

: (2.43)

Analyzing the system's steady-state response, as shown in Figure 2.5, involves taking the limit

as t ! 1:

lim
t!1

i(t) =
V
R

: (2.44)

The relaxation time, �c, de�nes the time required for the current to reach approximately 63 % of its

�nal steady-state value:

� c =
L
R

: (2.45)

Figure 2.5 illustrates the exponential rise of current with time for an R�L circuit driven by a step

voltage.
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Figure 2.5: Transient current response of an R�L driver circuit following the application of a square-wave
excitation.

To simulate the coupling between the driver and pickup coils in a PEC probe, a second loop can

be introduced. Figure 2.6 illustrates the expanded circuit, where Loop 1 represents the driving coil,

and Loop 2 represents the pickup coil. Mutual inductance M arises between the two coils due to

their magnetic coupling.

Figure 2.6: Equivalent circuit diagram for PEC driving (Loop 1) and pickup (Loop 2) coils including mutual
inductance.

The mutual coupling between coils produces induced emfs given by [80]:

"1 = �M 12
di2(t)

dt
; "2 = �M 21

di1(t)
dt

; (2.46)

where M12 = M 21 = M is achieved by reciprocity. Applying KVL to each loop in Figure 2.6

yields [82]:

L 1
di1(t)

dt
+ R 1i 1(t) + M

di2(t)
dt

= V U(t); (2.47)
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L 2
di2(t)

dt
+ R 2i 2(t) + M

di1(t)
dt

= 0; (2.48)

where U(t) is the unit step function, and subscripts 1 and 2 denote the driver and pickup coils,

respectively.

Taking the Laplace transform of Equation 2.47 and Equation 2.48 and solving for i2(t) gives

the transient current �owing in the pickup coil [82]:

i 2(t) =
MV (e�� 2 t � e �� 1 t )

(� 1 � � 2)(L 1L 2 � M 2)
; (2.49)

where �1 and � 2 represent the inverse relaxation time constants de�ned as:

� 1 =
1
� 1

; � 2 =
1
� 2

: (2.50)

Solving for � 1 and � 2 yields [82]:

� 1;2 =
(L 1R2 + L 2R1) �

p
(L 1R2 + L 2R1)2 � 4R 1R2(L 1L 2 � M 2)

2(L 1L 2 � M 2)
: (2.51)

The transient current described by Equation 2.49 comprises two exponential components cor-

responding to fast and slow relaxation processes governed by �1 and � 2. Figure 2.7 shows a repre-

sentative waveform of the pickup coil's transient response to square-wave excitation.

Figure 2.7: Representative pickup-coil transient current response following square-wave excitation.

When a conductive specimen is introduced near the probe, it acts as a third coupled circuit, mod-

ifying both the self- and mutual inductance parameters. This interaction is illustrated in Figure 2.8.

Desjardins et al. [83] provided analytical solutions for simple cylindrical geometries, demonstrating

how such coupling affects the system response.
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Figure 2.8: Mutual inductance relationships among the driving coil, pickup coil, and conductive specimen.
L 1 and L2 represent the intrinsic self-inductances; M is the mutual inductance coef�cient; L1 and L2 are the
complex-valued self-inductances due to electromagnetic coupling between elements; and M is the complex-
valued mutual inductance modi�ed by the specimen.

The quantities L1, L2, and M depend on the geometry and material properties of the test

sample and the probe. Speci�cally, L1 and L2 represent the modi�ed self-inductances of the driver

and pickup coils, respectively, while M accounts for the additional mutual coupling introduced by

the specimen. These complex inductance terms are central to the analytical and numerical models

presented in subsequent chapters.

2.5 Analysis of Pulsed Eddy Current Signals

Signal processing plays a pivotal role in PEC inspections, as factors such as the probe–defect dis-

tance introduce time shifts in the PEC response [84]. A common approach in PEC analysis in-

volves extracting differential signals by subtracting a reference signal—typically obtained from a

defect-free sample—from the measured response. Various signal-processing techniques, including

time-domain, frequency-domain, and time–frequency analysis, are employed to extract meaningful

defect characteristics [85].

In time-domain analysis of differential pickup signals (Figure 2.9), key parameters such as peak

amplitude, peak arrival time, time to zero-crossing, secondary peak amplitude, and secondary peak

arrival time are frequently used. These features provide critical information regarding defect size

and depth within the inspected material [83]. However, many time-domain features are sensitive to

probe lift-off; in some cases, a LOI can be identi�ed where responses acquired at different lift-off

distances intersect, providing a degree of lift-off invariance for defect characterization [60], [62].

Conversely, frequency-domain analysis leverages the skin effect, wherein higher-frequency com-

ponents exhibit greater sensitivity to surface defects, while lower-frequency components penetrate

deeper into the material, facilitating the detection of subsurface anomalies [86].
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Figure 2.9: Typical PEC time-domain response for a differential pickup con�guration.

Additionally, PEC excitation signals are inherently periodic, making them well-suited for spec-

tral decomposition. Fourier transform techniques enable the extraction of frequency components

associated with different defect depths, enhancing inspection capabilities beyond conventional ET.

However, electromagnetic feedback can alter the excitation waveform and frequency spectrum, in-

�uencing signal interpretation [31].

Mathematically, a periodic PEC excitation can be expressed as a Fourier series—that is, a sum

of sinusoidal components with varying frequencies and amplitudes. Beyond time- and frequency-

domain approaches, time–frequency analysis provides a three-dimensional representation of sig-

nal behaviour in the time–frequency–amplitude domain. Although typically visualized as a two-

dimensional time–frequency plot with amplitude variations indicated via grayscale intensity, this

method enhances defect characterization by revealing transient features that may be overlooked in

conventional analyses [87].

2.6 Integral Transforms

Integral transforms are a powerful analytical tool for addressing PDEs, such as the diffusion equa-

tion, particularly in geometries that incorporate planar and tubular structures with in�nite domains

and parallel interfaces. This section examines four principal transforms: the Fourier transform,

the Laplace transform, the Fourier cosine transform, and the �rst-order Hankel transform. These

transforms are adeptly matched to speci�c boundary conditions and symmetries, facilitating the

simpli�cation and solution of PDEs encountered in PEC modelling.
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The Fourier transform [88], in its non-unitary angular-frequency form, is de�ned as:

X(!) = Ffx(t)g =
Z 1

�1
x(t)e �j!t dt; (2.52)

where X(!) represents the frequency-domain counterpart of the time-domain function x(t). The

corresponding inverse Fourier transform is given by [88]:

x(t) = F �1 fX(!)g =
1

2�

Z 1

�1
X(!)e j!t d!: (2.53)

Table 2.1 summarizes several Fourier transform pairs relevant to the analytical formulations

developed in this work.

Table 2.1: Fourier transform pairs.

Function Fourier transform Notes

dkx(t)
dtk (j!) kX(!) Differentiation property (integer k � 1)

x(t) � g(t) X(!)G(!) Convolution (�)
u(t) 1

j! + ��(!) Heaviside step function (u(t) = 0 for t < 0)
�(t) 1 Dirac delta (impulse)
1 2��(!) Constant (DC component)
sin($t) �j�[�(! � $) � �(! + $)] Harmonic at angular frequency $
cos($t) �[�(! � $) + �(! + $)] Harmonic at angular frequency $

The Laplace transform [88], in its unilateral form, is de�ned as:

X(s) = Lfx(t)g =
Z 1

0
x(t)e �st dt; (2.54)

where X(s) represents the Laplace-domain counterpart of the time-domain function x(t), de�ned

for all real numbers t � 0, and s = � + j! is the complex frequency-domain parameter, with real

numbers � and !.

The Fourier cosine transform [88] is particularly useful for problems exhibiting symmetry about

the origin. It is de�ned as:

X(k z) =
Z 1

0
x(z) cos(kzz)dz; (2.55)

where X(kz) is the spatial-frequency representation of x(z). The corresponding inverse Fourier

cosine transform is expressed as [88]:

x(z) =
1
�

Z 1

0
X(k z) cos(kzz)dkz: (2.56)

Table 2.2 lists several Fourier cosine transform pairs that are applicable to this work.
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Table 2.2: Fourier cosine transform pairs.

Function Fourier cosine transform (angular frequency)

d2x(z)
dz2 �k 2

zX(k z)

�(z) 1
�(z � h) cos(k zh)

For problems involving axial symmetry, the �rst-order Hankel transform [89] is particularly

effective. The forward Hankel transform is de�ned as:

X(k r ) =
Z 1

0
rJ 1(k r r) x(r)dr; (2.57)

where J1(k r r) is the �rst-order Bessel function of the �rst kind [90], and X(kr ) is the �rst-order

Hankel transform of x(r). The corresponding inverse transform is given by [89]:

x(r) =
Z 1

0
kr J1(k r r) X(k r )dk r : (2.58)

Table 2.3 summarizes several �rst-order Hankel transform pairs relevant to the analysis of ax-

isymmetric eddy current problems.

Table 2.3: First-order Hankel transform pairs.

Function First-order Hankel transform

d2x(r)
dr 2 +

1
r

dx(r)
dr

�
x(r)
r 2 �k 2

r X(k r )

�(r � a) J 1(k r a)

These integral transforms provide a rigorous framework for solving eddy current BVPs in in-

�nite domains with parallel interfaces. They are applicable to rods, boreholes, tubes, plates, half-

spaces, and multilayered structures and are fundamental to the analytical modelling methods devel-

oped in subsequent sections.

2.7 Fourier Series

The Fourier series [88] is a powerful tool in harmonic analysis that enables the decomposition

of a periodic function into an in�nite sum of sine and cosine terms. This method leverages the

orthogonality of trigonometric functions, making it particularly effective for representing periodic

phenomena. For a periodic function f (t) with a period of 2T0 (where T0 represents half the period),

the Fourier series expansion over the interval [0; 2T0] can be expressed as:

f (t) =
a0

2
+

1X

k=1

�
ak cos

�
k�t
T0

�
+ bk sin

�
k�t
T0

��
; (2.59)
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where ak and bk are the Fourier coef�cients that quantify the contribution of each harmonic fre-

quency. These coef�cients are de�ned as:

a0 =
1
T0

Z 2T0

0
f (t) dt; (2.60)

ak =
1
T0

Z 2T0

0
f (t) cos

�
k�t
T0

�
dt; (2.61)

bk =
1
T0

Z 2T0

0
f (t) sin

�
k�t
T0

�
dt: (2.62)

In this formulation, a0 denotes the average or Direct Current (DC) component of the func-

tion, while ak and bk capture the amplitudes of the cosine and sine components associated with

higher harmonics. The sine and cosine terms represent harmonic components of the fundamental

frequency. This decomposition is particularly valuable in signal processing, communications, and

vibration analysis, where periodicity is a fundamental characteristic.

The Fourier series converges pointwise to f (t) at all points where f(t) is continuous. At jump

discontinuities, it converges to the midpoint of the discontinuity, a property known as the Dirichlet

condition [91]. However, near discontinuities, the Fourier series exhibits oscillatory behaviour

known as the Gibbs phenomenon [88]. This results in an overshoot near the discontinuity that

does not diminish in amplitude as additional harmonic terms are included, although the oscillations

become increasingly localized. In the context of square-wave excitation used in PEC systems,

this may introduce minor ringing near sharp transitions in the reconstructed time-domain signal.

Moreover, the convergence behaviour and decay rate of the Fourier coef�cients provide insights

into the smoothness and regularity of the original function.

For example, the Fourier series representation of a square wave with a 50 % duty cycle, ampli-

tude v0, and pulse duration T0 can be expressed as:

v(t) =
v0

2
+

2v0

T0

1X

k=1

sin($ k t)
$ k

; (2.63)

where $k = (2k�1)�
T0

.

The Fourier transform of Equation 2.63, using the transform pairs summarized in Table 2.1, is

given by:

v(!) = �v 0�(!) �
2�v 0

T0

1X

k=1

�(! � $ k ) � �(! + $ k )
j$ k

; (2.64)

which will be used in subsequent analytical formulations in this work.
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2.8 Convolution

Convolution theory [88] provides a comprehensive framework for analyzing transient eddy current

phenomena and plays a pivotal role in the problems addressed in this work. Combined with KVL,

convolution enables precise modelling of feedback effects between conducting or ferromagnetic

test objects and the driving and pickup coils in electromagnetic systems.

The impulse response of a system, denoted by h(t), characterizes the system's output in re-

sponse to a unit impulse applied at time t = 0. In causal systems, where the output cannot precede

the input, the impulse response satis�es h(t) = 0 for t < 0. If an impulse is introduced at t = � ,

the system responds with a delayed output of h(t � � ).

Consider an arbitrary continuous input signal, x(t), which can be decomposed into a series of

in�nitesimal rectangular pulses of width d� . Each pulse may be approximated by the Dirac delta

function. For a pulse centered at t = � , the magnitude is x(� )d� , and the system's response to this

pulse is x(� )d�h(t � � ). The total system response, as the summation of individual responses to

all such pulses, can be expressed as:

y(t) =
X

x(� )d�h(t � � ): (2.65)

By taking the limit as the pulse width approaches zero, the summation transitions into an integral,

yielding the continuous-time convolution integral:

y(t) = x(t) � h(t) = h(t) � x(t) =
Z 1

�1
x(� )h(t � � ) d�: (2.66)

For causal systems, where x(t) and h(t) vanish for t < 0, the limits of integration reduce to

y(t) =
Z t

0
x(� )h(t � � ) d� =

Z t

0
h(� )x(t � � ) d�; (2.67)

since h(t � � ) = 0 for � > t.

A key property of convolution is its relationship to the Fourier transform. Speci�cally, the

Fourier transform of a convolution equals the product of the Fourier transforms of the individual

functions. This property, critical for analyzing Linear Time-Invariant (LTI) systems, simpli�es

analysis by converting convolution in the time domain into multiplication in the frequency domain:
Z 1

�1
(x(t) � h(t))e j!t dt = H(!)X(!); (2.68)

where H(!) and X(!) are the Fourier transforms of the impulse response h(t) and the input x(t),

respectively. This relationship simpli�es the spectral analysis of system responses, enabling ef�-

cient evaluation of feedback effects in electromagnetic systems, as demonstrated by Desjardins et

al. [14].

31



2.9 Principal Component Analysis

PCA is a powerful statistical technique used to uncover meaningful patterns in high-dimensional

datasets that might otherwise be obscured by noise or redundancy [92]. Its strength lies in reducing

the dimensionality of multivariate data, while preserving directions of maximum variance [93]. In

PEC signal analysis, where detecting subtle variations across hundreds of data points is challenging,

PCA provides a means to distill the data into a small number of principal components, facilitating

more effective differentiation of underlying patterns.

By leveraging the assumption that neighbouring data points exhibit high correlation, PCA iso-

lates variations associated with key parameters, such as defects or structural inconsistencies within

the inspected material [94]. In aerospace structures, however, signal variations in PEC measure-

ments may also arise from factors intrinsic to the technique's sensitivity, including variations in

conductor or wing-skin thickness, fastener spacing, proximity to lap-joint edges, lift-off, and probe

misalignment over fastener heads.

Transforming transient response signals into a space de�ned by principal components enables

PCA to represent dominant sources of signal variance in orthogonal directions, which may corre-

spond to defects or other physical parameters, while reducing the in�uence of confounding factors

such as lift-off or misalignment [92]. This transformation enhances �aw detection accuracy by �l-

tering out irrelevant signal artefacts, ultimately providing a robust and reliable method for defect

characterization in complex aerospace geometries [46].

2.9.1 MPCA

The MPCA method differs from conventional PCA in that it does not subtract the average response

before processing the data [92]. It can be shown that MPCA is equivalent to minimizing the Resid-

ual Sum of Squares (RSS) between the �tting functions and the original data [69], [93]. The objec-

tive of MPCA is therefore to determine an optimal set of basis vectors that best represents a given

dataset by minimizing the RSS. From a linear algebra perspective, both PCA and MPCA may be

formulated using the Singular Value Decomposition (SVD), with conventional PCA applying SVD

to mean-centered data and MPCA applying SVD directly to the uncentered data matrix.

Consider a series of p signal measurements, denoted as Ti , where each measurement consists of

n data points. Here, n represents the number of data points in a single measurement, and p denotes

the total number of measurements. The resulting data matrix T is thus of size n � p [94]. The goal

is to �nd a column vector v that optimally represents T by minimizing the residual sum of squares,

as formulated for mean-centered principal component analysis in the context of pulsed eddy current

signal processing by Horan et al. [9], [10]. Each column vector Ti can be expressed as:

T i � c i v; (2.69)
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where v is determined by minimizing the RSS, de�ned as:

RSS =
nX

i=1

pX

j=1

(Tij � c j vi )2: (2.70)

Expanding Equation 2.70 yields:

RSS =
nX

i=1

pX

j=1

T2
ij � 2

nX

i=1

pX

j=1

Tij cj vi +
nX

i=1

pX

j=1

c2
j v2

i : (2.71)

Here, Tij denotes the ith element of the jth column vector Tj , and vi is the ith element of v. To

ensure a unique solution, v is constrained to be normalized such that [92]:

nX

i=1

v2
i = 1: (2.72)

Without this constraint, if v is a solution, then av, where a is any scalar, would also be a solution,

resulting in an in�nite number of equivalent solutions.

The coef�cient ci in Equation 2.69 can be obtained as the dot product:

cj =
nX

i=1

Tij vi ; (2.73)

which can be rewritten in matrix notation as:

c = T T v: (2.74)

Using the normalization condition (Equation 2.72) and substituting Equation 2.73 into Equation 2.71,

the RSS reduces to:

RSS =
nX

i=1

pX

j=1

T2
ij �

pX

j=1

c2
j : (2.75)

Thus, minimizing the RSS is equivalent to maximizing:

pX

j=1

c2
j = c T c = v T TT T v; (2.76)

subject to the constraint:

v T v = 1: (2.77)

This optimization problem can be solved using the method of Lagrange multipliers, which leads

directly to an eigenvalue problem. The Lagrangian function is de�ned as:

L = v T TT T v � �(v T v � 1); (2.78)
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with � being the Lagrange multiplier. Taking the derivative with respect to v and setting it equal to

zero gives:
@L
@v

= 2TT T v � 2�v = 0; (2.79)

which can be rearranged to yield:

TT T v = �v; (2.80)

which is the standard eigenvalue problem.

This result shows that the optimal vector v corresponds to an eigenvector of TTT , with the

best single representation given by the eigenvector associated with the largest eigenvalue. The

eigenvector with the second-largest eigenvalue best represents the residual variance in T after the

�rst eigenvector is removed. The de�ation process forms a new dataset T0 by subtracting the �rst

principal component [92]:

T 0 = T � vc T : (2.81)

This process is repeated for successive eigenvectors. The �rst m eigenvectors thus form an optimal

basis that best represents T in the least-squares sense [94]. Since the sum of eigenvalues represents

the total variance in the dataset, the extra sum of squares method—commonly used in multiple

regression—can determine the number of signi�cant eigenvectors required to capture meaningful

signal content over random noise [69], [94]. In practice, three to four eigenvectors are typically

suf�cient to achieve an accurate representation of the original data.

In conventional PCA, the average signal is subtracted before constructing the covariance matrix

A, which is then scaled by (n � 1)�1 [92]. The eigenvalues of this covariance matrix quantify the

variance explained by each eigenvector.

2.9.2 Calibration Eigenvectors

The MPCA method was applied to analyze PEC signals obtained from various fasteners, both with

and without notches at their bores, under controlled laboratory conditions. The collected data were

compiled into a larger matrix, A, as de�ned in Equation 2.80, and its corresponding eigenvectors, v,

were computed. These calibration eigenvectors were subsequently utilized in Equation 2.74, where

a dot product operation was performed to generate principal component scores during inspection.

The resulting scores were then analyzed and compared to facilitate �aw discrimination.

With regard to this work, the lower CF-188 and F-35 inner wing spars contain multiple types of

ferrous–nonferrous fasteners, as discussed in Chapter 3. To ensure robust calibration, eigenvectors

must be derived from a suf�ciently large dataset that captures variations in fastener type, size, and

length, while also accounting for different measurement conditions. This approach ensures that

the calibration eigenvectors generalize effectively across inspection scenarios, thereby improving

defect detection accuracy.

34



2.9.3 Principal Component Scoring

The set of coef�cients cj obtained in Equation 2.73 for a given signal represents its principal compo-

nent scores. These coef�cients weight their associated uncorrelated eigenvectors in a linear combi-

nation that reconstructs the original signal [95], serving as unique descriptors that capture progres-

sively smaller proportions of the total variance. The goal of this process is to reduce the dataset's

dimensionality by analyzing only the �rst m principal components (typically two or three) rather

than hundreds of gated voltage samples. This dimensionality reduction enables the identi�cation of

variations attributable to independent parameters, such as the presence of a crack in a wing spar, as

demonstrated by Horan et al. [9], [10].

Figure 2.10 illustrates this process, where a scatter plot in PCA space—constructed using the

second and third principal components (Z2 and Z3)—demonstrates clustering behaviour in the prin-

cipal component domain. These clusters differentiate fastener locations containing borehole notches

or simulated cracks from those without defects.

Figure 2.10: Sample PCA score scatter plot illustrating notch or simulated crack identi�cation through
cluster separation in principal component space. The axes represent the second and third principal component
scores, Z2 and Z2, respectively.

Visual representations, such as Figure 2.10, provide an intuitive means of identifying defects by

the degree of separation between score clusters. However, distinct separation may not always occur,

as overlapping clusters can hinder con�dent notch or simulated crack identi�cation. To address

this limitation, a quantitative method is required to evaluate the separation between PCA score

groupings relative to a known calibration dataset. This evaluation is performed using discriminant

analysis, as described in Section 2.10.
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2.10 Discriminant Analysis Method

Discriminant analysis is a statistical technique that quanti�es the maximum separation, or discrimi-

nation, between prede�ned groups using known information about independent variables [69]. It is

widely used to reduce complex multivariate datasets into a single discriminant dimension that best

distinguishes between classes.

In the context of PEC analysis for CF-188 and F-35 inner wing spar inspections, a notch in a

specimen represents a controlled parameter and therefore serves as the dependent variable. In con-

trast, the PEC signal and its corresponding principal component scores are independent variables.

This known notch information is incorporated into the discriminant analysis process to map each

signal's position within multi-dimensional PCA space, as shown in Figure 2.11, onto a single dis-

criminant score determined solely by the presence or absence of a notch. This process is analogous

to a two-group multiple linear regression [69].

This approach is advantageous when the grouping of PCA scores exhibits overlap in any pro-

jection, or when no single principal component reliably differentiates notches. For example, as

illustrated in Figure 2.10, although there is an overall separation between scores corresponding to

notched and unnotched fasteners, neither principal component (Z2 or Z3) alone provides reliable

discrimination between the two groups.

Figure 2.11: Representative PCA score scatter plot illustrating group overlap between notched and un-
notched fastener signals. The axes represent the second and third principal component scores, Z2 and Z2,
respectively.

2.10.1 Multiple Linear Regression Model

Fisher's [96] approach to discriminant analysis employs a linear combination of independent vari-

ables that maximizes separation between groups, producing a discriminant score [69]. When there
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are only two groups to classify—such as distinguishing between fasteners with or without simulated

cracks or notches—this method is mathematically equivalent to multiple linear regression when the

response variable is coded as a binary indicator. In this case, the model assumes a linear relationship

of the form [69]:

yi = b0 +
mX

k=1

bkx ik ; (2.82)

where yi represents the discriminant score for a given signal, [xi1 ; x i2 ; x i3 ; : : : ; x im ] are the m

principal component scores describing the signal, and [b0; b1; b2; : : : ; bm ] are the best-�t regression

coef�cients. During model calibration, the presence of a notch or simulated crack serves as the

dependent variable, assigned a binary value of one for a notched or simulated crack fastener and

zero otherwise.

This transformation effectively linearly projects the multi-dimensional PCA space—illustrated

in Figure 2.11—such that an initial projection, where no clear separation between groups is visible,

becomes a transformed projection, where two distinct clusters emerge, corresponding to fastener

locations with and without defects. Figure 2.12 illustrates this effect: in Figure 2.12(a), a scatter

plot of the �rst three principal components shows overlap between the two groups, whereas in

Figure 2.12(b), after applying discriminant analysis, two well-de�ned clusters are visible.

(a) (b)

Figure 2.12: PCA scatter plots showing (a) no distinct separation between groups and (b) the effect of
multiple linear regression in two-group discriminant analysis, revealing clear class separation.

Following this projection, each signal is assigned a discriminant score, wherein discriminant

scores for simulated crack fastener locations cluster near one, and those for intact locations cluster

near zero. This behaviour is illustrated in Figure 2.13, where discriminant scores from multiple

fastener inspections exhibit a clear binary distribution. The best-�t coef�cients from Equation 2.82

can then be stored and subsequently applied during real-time discriminant analysis for future PCA-

based inspections.
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Figure 2.13: Example of discriminant analysis results showing discriminant score distribution of fastener
locations with and without simulated cracks.

2.10.2 Con�dence Intervals

Analysis of Figure 2.13 shows that a discriminant score decision threshold,D̂decision, can be estab-

lished based on the relative spread of scores for unnotched fasteners. Any score below this threshold

can be reasonably assumed to indicate the absence of a crack. This threshold, effectively a con�-

dence interval, is determined by the distribution and position of the scores for unnotched fasteners.

In this inspection scenario, it is preferable to have false positives (i.e., false calls—incorrectly classi-

fying undamaged fasteners as notched) rather than false negatives (misses—incorrectly classifying

notched fasteners as undamaged), as the latter could allow defects to go undetected. Chapter 9 dis-

cusses potential remedial steps for false calls. False calls are de�ned as NDE system responses that

indicate a �aw when none is present at the inspection location [97].

The con�dence interval for a given fastener is calculated based on the measured standard devi-

ation, S, and the sample size of measurements from unnotched fasteners. When the true standard

deviation, �, of a dataset is unknown and the sample size is relatively small (typically fewer than

50), the t-distribution provides a reasonable approximation for con�dence interval estimation [98].

The con�dence interval is determined using the following equation [98]:

D̂decision= �X + kS (2.83)

where �X is the expected mean of the discriminant scores for unnotched fasteners (assumed to be

zero based on the regression process), S represents the standard deviation of those scores about the

mean, k is the critical value from the t-distribution corresponding to the desired con�dence level,

and n denotes the sample size (or degrees of freedom). Con�dence intervals are presented at both

95 % and 99 % levels, as illustrated in Figure 2.14.
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Figure 2.14: Example of discriminant analysis for fastener locations with and without simulated cracks,
showing 95 % and 99 % con�dence levels.

These con�dence intervals represent the frequency with which the discriminant score of an

unnotched fastener location will fall within the interval, rather than the probability that an inspec-

tor will detect a given �aw. The intervals derived in this study adhere to, or exceed, the guide-

lines established in United States Air Force (USAF) MIL-HDBK-1823 [97] for NDE POD studies.

MIL-HDBK-1823 de�nes the a90=95 parameter, representing the minimum detectable �aw size cor-

responding to a 90 % POD with a 95 % con�dence interval, based on extensive testing by multiple

inspectors [97].

Although a full POD study is beyond the scope of this thesis, the con�dence intervals pre-

sented here are designed to align with these threshold guidelines. In POD studies, con�dence

intervals—based on the Wald and Delta methods [97]—typically assume a normal distribution of

detectable �aw sizes due to large datasets. However, since the sample sizes in this study are smaller,

the assumption that discriminant score variance follows a t-distribution is both reasonable and con-

servative. This approach increases sensitivity to cracks, as the t-distribution accounts for greater

variability in its tails than a normal distribution, thereby improving defect detection [98].
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3 Experimental Technique

3.1 Introduction

This chapter describes the experimental setup employed for data acquisition in this study. Two

distinct PEC probe con�gurations were developed, each designed to meet a speci�c measurement

objective. The �rst design is a vertically differential probe, developed primarily to achieve high

sensitivity to lift-off variations. This con�guration enables precise measurement of the lift-off dis-

tance between the probe and the sample surface, with the differential output accurately re�ecting

small variations in lift-off. Such probes are particularly well suited for acquiring raw time-domain

responses suitable for detecting subsurface defects through non-conductive coatings. In this work,

machined notches were introduced into representative test samples to simulate surface-breaking and

subsurface cracks. These arti�cial cracks served as controlled �aw analogues for evaluating probe

sensitivity and signal discrimination performance. Such capabilities would be especially valuable

for inspecting aircraft such as the F-35, which incorporate RAM coatings and therefore require

non-contact inspection methods.

Two versions of the vertically differential probe were fabricated, as shown schematically in

Figure 3.1. The �rst incorporated ferrite cores in the pickup coils to enhance magnetic coupling

and improve lift-off sensitivity during measurements over notched regions between fasteners. The

second, an air-cored version, was developed to simplify comparison with analytical and numerical

models by eliminating nonlinear magnetic effects introduced by ferrite materials. Both con�g-

urations share the same overall geometry, differing only in core material and magnetic coupling

characteristics.
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(a) (b)

Figure 3.1: Cross-sectional schematics of vertically differential PEC probes: (a) ZEUS and (b) ARES.

The second probe design employs a pair of axisymmetric opposed pickup coils oriented such

that their axes of sensitivity are normal to the surface of the aluminum spar and skin, as illustrated

in Figure 3.2. This con�guration is optimized to detect asymmetries in the eddy current �eld distri-

bution caused by surface or subsurface notches that replicate crack-like behaviour. By comparing

the differential responses of the opposed pickup coils, the system enhances sensitivity to localized

defects. The PCA-based signal processing framework described in Section 2.9 is used to analyze

the differential response, enabling detection of subtle variations indicative of structural anomalies.

Two variations of this probe were also fabricated: one with the excitation coil wound around a

ferrite core to enhance magnetic �eld concentration, and another with a solid plastic core to assess

potential performance trade-offs. This design comparison aims to determine whether incorporat-

ing a ferrite core provides a measurable advantage in detecting simulated cracks represented by

machined notches in the test specimens, as predicted in the literature [99], [100].
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(a) (b)

Figure 3.2: Cross-sectional schematics of the PEC probes: (a) THOR and (b) ODIN.

This section also describes the test samples and the Data Acquisition (DAQ) system used to

control and record experimental measurements. The DAQ system triggers the excitation pulse to

the driving coil and digitizes the voltage response from the pickup coils with high temporal res-

olution. The experimental setup also includes a programmable motion control platform for probe

positioning, enabling precise alignment and repeatability during automated scans. Test specimens

comprise simple metallic plates and fastener assemblies representative of aircraft structural compo-

nents. Notably, each probe body was fabricated using high-resolution three-dimensional printing to

ensure dimensional accuracy and reproducibility.

3.2 PEC Probe Design

3.2.1 ZEUS and ARES

The PEC probes ZEUS and ARES were engineered for precise measurement of the lift-off distance

over metallic substrates. Each probe incorporates a primary excitation coil that generates transient

electromagnetic �elds through pulsed voltage excitation. These �elds induce secondary electro-

magnetic responses within the test material, which are measured by vertically offset pickup coils.

The differential signal between the pickup coils accurately re�ects the lift-off distance [101].

Figure 3.1 presents cross-sectional schematics of (a) ZEUS and (b) ARES. In both probe de-

signs, the excitation coil is wound around a central tube and secured by two end caps. The primary

distinction between the two probes lies in the pickup coil core material: ZEUS incorporates ferrite

cores within its pickup coils to enhance electromagnetic coupling, whereas ARES employs air-

cored pickup coils. The inclusion of ferrite in ZEUS improves magnetic �eld concentration and

signal amplitude but introduces nonlinear magnetic behaviour and increased boundary condition

complexity, which complicate analytical modelling and FEM simulation. In contrast, the ARES

probe's air-cored con�guration simpli�es the electromagnetic environment, providing an ideal ref-
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erence for validating analytical and numerical models.

In the ZEUS probe, the pickup coils and ferrite cores are mounted along a central spindle that

threads into the top cap. A plastic locking nut allows �ne adjustment of the pickup coil position

along the excitation axis. Although earlier vertically differential probe designs [102] employed

more conservative geometries with larger excitation coil diameters and wider pickup coil separa-

tions, the geometrical parameters selected in this study were optimized for the speci�c fastener

con�gurations under investigation—namely, the HLT53, HLT265, and HLT313 fasteners described

in Section 3.3.1, with nominal shank diameters of 6:4 mm and 7:9 mm.

The pickup coil diameter was selected to be comparable to or larger than the fastener head

diameter, ensuring that the sensing region fully encompasses the fastener and promotes consistent

magnetic coupling while reducing sensitivity to positional variation. This con�guration enables the

ferrite core within ZEUS to channel magnetic �ux ef�ciently through the fastener to the underlying

aluminum substrate, improving signal amplitude and sensitivity to lift-off variations. The resulting

concentrated �ux path enhances the detection of subsurface discontinuities, such as simulated crack

notches beneath the coating layer.

The ARES probe adopts a similar mechanical design, with pickup coils mounted on a threaded

spindle and secured using a plastic nut for precise axial positioning. All coils in both probes are

wound with 36 American Wire Gauge (AWG) wire. Table 3.1 summarizes the electrical and ge-

ometrical speci�cations of the ZEUS and ARES probes. ZEUS was not modelled in COMSOL

due to the inclusion of ferrite cores and the associated nonlinear magnetic behaviour; therefore, no

simulated values are reported. For ARES, the pickup coil inductance is not provided, as it resulted

in an unbounded (in�nite) inductance value in the simulation.

Table 3.1: ZEUS and ARES PEC probe speci�cations.

Parameter
ZEUS ARES

Driver Pickup 1–2 Driver Pickup 1–2

Number of turns 951 406 966 417
Length (mm) 76.2 6 76.2 6
Inner diameter (mm) 23.9 11.05 23.9 11.05
Outer diameter (mm) 24.41 14.48 24.41 14.48
Resistance (measured, 
) 102 22.8 / 23.0 102 24.5 / 24.3
Resistance (COMSOL, 
) — — 101.71 22.71
Self-inductance (measured, mH) 6.37 6.92 6.27 2.09
Self-inductance (COMSOL, mH) — — 6.02 —
Self-inductance (analytical, mH) — — 6.27 2.02

These vertically differential PEC probes enable accurate measurement of lift-off variations over

non-conductive or low-conductive coatings and facilitate the detection of subsurface discontinuities
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represented by simulated crack notches. Their performance is further analyzed in Chapter 6, where

experimental measurements are compared against analytical and FEM simulations to evaluate lift-

off sensitivity and signal consistency.

3.2.2 THOR and ODIN

The THOR and ODIN probes employ a distinct axisymmetric con�guration consisting of a cen-

tral driver coil and four pickup coils positioned at 90� intervals. Figure 3.2 shows cross-sectional

schematics of (a) THOR and (b) ODIN. THOR includes a ferrite driver core, whereas ODIN em-

ploys a solid plastic core to evaluate the in�uence of ferrite on magnetic �eld distribution and overall

probe performance. Both probes were designed to detect crack-like discontinuities represented by

machined notches in test specimens, providing a controlled framework for comparing �aw sensitiv-

ity and magnetic coupling ef�ciency.

Figure 3.3 illustrates the probe faces used during experimental measurements. The driver coil

is wound with 36 AWG wire around a 12:7 mm diameter core in both probes. The pickup coils

are wound with 400 turns of 44 AWG wire around 1:9 mm ferrite cores. Each probe includes two

differential pairs (180� opposing) and two single pickup channels for individual signal acquisition.

(a) (b)

Figure 3.3: Probe faces of (a) THOR and (b) ODIN showing axisymmetric pickup coil con�gurations.

Table 3.2 summarizes the physical and electrical speci�cations of the THOR and ODIN probes,

including measured and calculated self-inductance values for the driver, pickup, and differential

coil con�gurations.
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Table 3.2: THOR and ODIN PEC probe speci�cations and measured/calculated self-inductance values.

Parameter
THOR ODIN

Driver Pickup
Differential

Pair
Driver Pickup

Differential
Pair

Number of turns 178.3 400 400 151.1 400 400
Wire gauge (AWG) 36 44 44 36 44 44
Length (mm) 12.7 1.2 1.2 12.7 1.2 1.2
Inner diameter (mm) 12.7 1.9 1.9 12.7 1.9 1.9
Outer diameter (mm) 13.21 4.9 4.9 13.21 4.9 4.9
Resistance (measured, 
) 21.7 43.0, 42.2 83.1 11.2 42.1, 42.4 83.0
Self-inductance(measured, mH) 1.85 1.26 2.58 0.19 1.22 2.44
Self-inductance(calculated, mH) 0.26 — — 0.19 — —

3.3 Samples

This section describes the test specimens used in two distinct experimental investigations, each

employing different sample types tailored to speci�c research objectives. The �rst set of samples

was designed to emulate aerospace structures, speci�cally the CF-188 and F-35 inner wing spars.

These specimens feature non-conductive skin materials with countersunk holes for HI-LOK™/HI-

TIGUE™ fastener installation and incorporate notches machined into a piece of angle aluminum

backing plate to simulate SCC within the wing spar. This sample set was used for fastener detection

using conventional ET and notch detection between fasteners at various lift-off distances using PEC.

The second set consists of homogeneous metal plates representing aerospace-relevant materials

with varying electrical conductivities and thicknesses. These specimens were used to provide con-

trolled test conditions for benchmarking analytical models and validating FEM simulations across

a range of electromagnetic diffusion regimes.

3.3.1 Fastener Samples for Fastener and Notch Detection Experiments

Fasteners

In the region of interest, three distinct HI-LOK™/HI-TIGUE™ fastener types [103] were evaluated:

solid Stainless Steel (SS) fasteners (HLT53), hollow stainless steel fasteners (HLT265), and solid

Titanium (Ti) fasteners (HLT313). The fasteners evaluated in this thesis, also used in the study by

Horan et al. [9], [10], differ in basic part number, �nish code, nominal diameter, and maximum grip

length, as summarized in Table 3.3.

As an example, the part number HLT313TA10-13 can be broken down as follows: HLT313

indicates the basic part number; TA represents the �nish code; the �rst dash number, 10, denotes

the nominal diameter in 1=32nd of an inch (0:8 mm); and the second dash number, 13, denotes
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the maximum grip length in 1=16th of an inch (1:6 mm). Additional speci�cations, including �nish

codes and thread styles for each fastener, are provided in Appendix A.

Table 3.3: Fastener designations and properties.

Part Number Material Style
Nominal Maximum Grip Sample

Diameter (mm(in)) Length (mm(in)) Thickness (mm)

HLT53DL8-10 SS Solid 6.4 (1/4) 15.9 (5/8) 6.4
HLT53TB10-8 SS Solid 7.9 (5/16) 12.7 (1/2) 6.4
HLT53YC10-13 SS Solid 7.9 (5/16) 20.6 (13/16) 13.4
HLT265TB8-6 SS Hollow 6.4 (1/4) 9.5 (3/8) 6.4
HLT265TB10-12 SS Hollow 7.9 (5/16) 19.1 (3/4) 6.4
HLT265TB10-18 SS Hollow 7.9 (5/16) 28.6 (9/8) 13.4
HLT313DL8-16 Ti Solid 6.4 (1/4) 25.4 (1) 13.4
HLT313DL8-9 Ti Solid 6.4 (1/4) 14.3 (9/16) 6.4
HLT313TA10-13 Ti Solid 7.9 (5/16) 20.6 (13/16) 13.4

Skin Materials

Simple plastic materials were used to simulate the F-35 wing skin, although the actual material

is likely CFRP, similar to the CF-188, with RAM. Of note, stacking multiple single-ply layers

with varying �bre orientations is commonly employed to increase the overall thickness of CFRP.

However, due to the insulating epoxy matrix and the highly anisotropic conductivity of individual

plies, single-ply CFRP does not readily support closed-loop eddy current paths in the same man-

ner as isotropic metallic materials. The thickness of the CFRP on the underside of the CF-188

inner wing varies depending on the location. According to the statement of requirements from the

CF-188 third-line maintenance contractor for an NDT technique designed to detect SCC, the nom-

inal skin thickness is speci�ed as 12:7 mm; however, it can vary within the area of interest from

9 to 21 mm [104].

In addition to the composite skin, RAM is applied to the outer surface of the F-35 structure.

The exact composition of RAM is not publicly disclosed, and its electromagnetic properties are

therefore uncertain. If the material is non-conductive and non-magnetic, its effect on the PEC

response is expected to be minimal, acting primarily as an increase in effective lift-off. However,

if RAM contains magnetically permeable or ferritic components, it may alter the local magnetic

�eld distribution and transient diffusion behaviour, potentially enhancing magnetic coupling and

increasing signal amplitude. As a result, RAM introduces uncertainty in the inspection response

and must be considered in the interpretation of measured signals.
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Sample Layout

Eight test standards were fabricated using 6:4 mm thick acrylic and 12:7 mm nylon to simulate

different skin thicknesses. Each sample contained countersunk holes for fastener installation and

included a 25:4 mm × 25:4 mm piece of 6061-T6 angle aluminum backing plate to simulate the

wing spar. Although the 6061-T6 aluminum alloy differs from the 7050-T73 aluminum alloy used

in the CF-188 airframe [105], previous research by Horan et al. [9], [10] indicates that this dis-

tinction does not signi�cantly in�uence the electromagnetic response within the frequency range

investigated. The electrical properties of these aluminum alloys are summarized in Table 3.4, as

reported in the American Society for Metals (ASM) Specialty Handbook: Aluminum and Aluminum

Alloys [106].

Table 3.4: Electrical properties of aluminum alloys used in test specimens [106].

Alloy IACS (%) Resistivity (µ
 � cm) Conductivity (S=m)

6061-T6 43.0 4.00 2:49 � 107

7050-T73 40.5 4.26 2:35 � 107

Longitudinal slits of 0:18 mm width and full penetration depth were machined into the aluminum

backing plates to represent simulated SCC, as illustrated in Figure 3.4.

Figure 3.4: Schematic illustration of machined notch arrangement representing simulated SCC.

3.3.2 Samples for Pulsed Eddy Current Signal Modelling and Validation

A separate set of plates was used to validate the analytical PEC models and FEM simulations,

ensuring the results were representative of aerospace-relevant materials. These samples included

high-conductivity alloys such as aluminum 2024-T4 and 6061-T6, as well as copper, included as a

high-conductivity reference material with well-established electromagnetic properties. In addition,

lower-conductivity structural metals—commercially pure Titanium Grade 2 and the titanium alloy

Ti-6Al-4V—were included to assess model performance under conditions of higher resistivity and,

therefore, modi�ed electromagnetic diffusion. The samples also vary in thickness and surface area

to capture a broad range of electromagnetic behaviours. Resistivity measurements were performed

using a four-point probe method to ensure accurate and repeatable characterization. Table 3.5 sum-

marizes the measured physical and electrical properties of each specimen.

47



Table 3.5: Measured physical and electrical properties of test specimens.

Sample Material Dimensions (mm) Thickness(mm) Conductivity (S=m)
Resistivity
(µ
 � cm )

1 2024-T4 197 × 201 5.30 1:67 � 107 5.99
2 2024-T4 200 × 200 2.87 1:67 � 107 5.99
3 6061-T6 164 × 330 9.55 2:55 � 107 3.92
4 6061-T6 148 × 297 3.12 2:55 � 107 3.92
5 Cu 612 × 445 3.30 5:88 � 107 1.72
6 Ti-2 307 × 305 4.06 2:10 � 106 47.7
7 Ti-6Al-4V 427 × 496 3.80 5:75 � 105 174

3.4 DAQ

Signal acquisition was conducted using dedicated hardware and software designed to ensure high-

�delity measurement of the probe responses. A custom-built ampli�er circuit was used to condition

and amplify the pickup coil signals immediately upon connection, improving the Signal-to-Noise

Ratio (SNR) prior to digitization. The ampli�ed signals were then digitized using a National Instru-

ments (NI) USB-6361 data acquisition module operating at an effective sampling rate of 100 kHz

per channel.

The same LabVIEW 2021 interface that controlled the probe positioning and motion platform

also governed all acquisition parameters, including drive voltage, timing, and sampling rate. A 10 V

step excitation was applied to the driver coil, while the pickup coils measured the transient voltage

response induced by the resulting time-varying magnetic �ux within the test specimen.

The digitized waveforms were routed through analog input channels, synchronized with motion-

control signals, and automatically stored for subsequent post-processing and analysis. Figure 3.5

summarizes the complete signal acquisition and control work�ow.

Figure 3.5: Flowchart illustrating the DAQ and control process used for automated PEC measurements.
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3.5 Driver Operational Ampli�er (Op-Amp) Circuit

To enhance the strength and �delity of the driver signal—critical for accurate pulse reproduction

and reliable MPCA performance—a PA75 dual power Op-Amp was implemented in a noninverting

con�guration, as shown in Figure 3.6 [11]. This con�guration provides a wide bandwidth and

high current output, making it well suited for driving low-impedance PEC excitation coils, while

preserving signal �delity in the early transient response.

Figure 3.6: Circuit diagram of the PA75 dual power Op-Amp con�gured as a noninverting ampli�er for PEC
excitation.

The use of this ampli�er signi�cantly improved the clarity and repeatability of the pickup coil

signals, particularly within the �rst few tens of microseconds following pulse excitation. These

enhancements improved the SNR in the early transient region, resulting in clearer separation in the

�rst �ve eigenvectors extracted during MPCA analysis, as illustrated in Figure 3.7. Such improve-

ments are essential for detecting subtle variations in the PEC response.
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Figure 3.7: First �ve eigenvectors produced from MPCA of a pickup coil response using a noninverting
Op-Amp driver con�guration.

3.6 Experimental Setup

The experimental system, illustrated schematically in Figure 3.8, was designed to support two

primary modes of operation: fastener-based localization and automated lift-off scanning. A pro-

grammable triple-axis motion control platform, Type GL206+800L, manufactured by THK Com-

pany Limited (Tokyo, Japan), controlled via the Galil Design Kit (GDK), enabled sub-millimetre

probe positioning and automated stepping across prede�ned scan paths. This con�guration ensured

consistent lift-off spacing for sensitivity measurements and precise alignment during fastener scan-

ning.

Figure 3.8: Schematic of the experimental setup incorporating automated three-axis motion control for PEC
probe positioning.

Complementing the schematic in Figure 3.8, Figure 3.9 presents a photograph of the complete

experimental setup. The key components are annotated from left to right, including the three-axis
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motion control system, PEC probe, test standard, switch box, NORTEC 600D, PEC DAQ system

with Op-Amp, and the LabVIEW interface connected via the GDK.

Figure 3.9: Photograph of the experimental setup. From left to right: (1) motion control system, (2) PEC
probe, (3) test standard, (4) switch box, (5) NORTEC 600D, (6) PEC DAQ system and Op-Amp, and (7)
LabVIEW interface (via GDK).

For fastener inspection experiments, initial localization was performed using conventional ET

techniques with the NORTEC 600D. Once the fastener centres were identi�ed, the LabVIEW 2021-

controlled motion platform using the automated peak-detection algorithm applied to the eddy cur-

rent signal. Motion parameters such as speed, acceleration, target spacing, and scan resolution

were fully con�gurable within the LabVIEW interface, ensuring reproducibility and precise control

throughout data acquisition.

3.7 Resistivity

Electrical resistivity, denoted by the symbol �, is a fundamental physical property that quanti�es

a material's intrinsic opposition to the �ow of electric current [15]. It is de�ned as the resistance

encountered by a unit length of a material with a unit cross-sectional area when an electric �eld is

applied. Mathematically, resistivity is expressed as [15]:

� = R
A
L

; (3.1)
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where R is the electrical resistance, A is the cross-sectional area, and L is the sample length. The

SI unit of resistivity is the ohm-meter (
 � m); however, for convenience, values in this work are

reported in µ
 � cm.

Resistivity is independent of a material's geometry but is strongly in�uenced by its atomic

structure and the presence of impurities or defects [15]. Several factors—including alloy compo-

sition, processing conditions, and environmental effects such as temperature and humidity—can

alter resistivity [107]. For most conductive materials, resistivity increases with temperature due to

enhanced electron–phonon scattering [15].

Ti–6Al–4V is a titanium alloy characterized by relatively low electrical conductivity (i.e., high

resistivity) owing to its alloying elements in solid solution. The measured value reported in Ta-

ble 3.5 is 174 µ
�cm. Reported values range from approximately 130 µ
�cm at 20 K to 190 µ
�cm

at 1000 K [107], indicating that impurity- and defect-related residual resistivity dominates over

thermal contributions. Heat treatment, cold work, and impurity levels all in�uence the absolute

resistivity of Ti–6Al–4V [107].

By comparison, commercially pure titanium, such as Ti–2, exhibits substantially lower resistiv-

ity owing to the absence of strong substitutional alloying elements. The measured value in Table 3.5

is 47:7 µ
 � cm, which falls slightly below typical room-temperature resistivity values for Ti–2 of

50 to 55 µ
 � cm reported for impurity contents below 0.18 wt% Fe and 0.20 wt% O [107]. This

reduction is consistent with decreased electron scattering associated with lower impurity levels. Of

note, at room temperature, the resistivity of titanium is slightly lower than that of 18Cr–8Ni stainless

steel; however, titanium exhibits a more rapid increase in resistivity with temperature, exceeding

that of steel above approximately 200� C [107].

Two independent techniques were employed to measure resistivity: ET [15] and the four-point

probe method [108]. Results from both techniques were compared to evaluate measurement accu-

racy and repeatability.

3.7.1 Resistivity Measurements Using Eddy Current Testing

ET uses an alternating current in a probe coil to generate a time-varying magnetic �eld, which

induces circulating currents in a nearby conductor. The distribution and strength of these eddy cur-

rents depend on the material's electrical conductivity, which is inversely proportional to resistivity,

as described by the skin-depth relationship in Equation 2.32 [76].

Since ET is inherently comparative, calibration against reference standards is required. The

probe response, measured as a voltage signal, is in�uenced by the induced eddy currents, which

depend on the electrical conductivity of the material. As ET does not directly measure resistivity, a

calibration procedure is required to relate the measured voltage to the material property of interest.

By measuring the probe voltage for reference samples with known resistivity, a relationship between
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voltage and resistivity can be established and subsequently used to determine the resistivity of

unknown samples.

Accurate measurement necessitates minimal lift-off, stable temperature, and suf�cient sample

thickness (typically � 3�), ensuring that at least 95 % of the eddy current density is con�ned within

the material [15]. Optimized ET setups often employ ferrite-cupped or send–receive coil con�gu-

rations to enhance signal contrast and reduce error. Impedance-plane plots are then used to identify

the optimal test frequency near the curve's sensitivity knee [15].

Skin-Depth Veri�cation

ET measurements were performed on titanium fasteners using comparative calibration. The mea-

surements employed an eddy current probe with an outer coil diameter of 3:2 mm [109]. Addi-

tional probe speci�cations are reported by Van Barr et al. [109]. This diameter is signi�cantly

smaller than the lateral dimensions of the calibration reference plates, ensuring that the induced

eddy currents remain well within the sample boundaries and minimize potential edge effects during

calibration. The fasteners were also measured using the same pencil probe positioned at the centre

of the fastener head. The material properties used for the skin-depth calculations are summarized in

Table 3.6. The resistivity values for Grade 2 titanium and Ti–6Al–4V were adopted from Luloff's

thesis [110], in which these materials were characterized at room temperature (20� C). The resistiv-

ity of Ti–5Al–5V–5Mo–3Cr (Ti–5553) was previously determined experimentally in the laboratory

and is included here for completeness. The value listed for commercially pure titanium corresponds

to a calibration reference standard.

Table 3.6: Electrical properties used for skin-depth calculations.

Material Thickness (mm) Resistivity (µ
 � cm)

Titanium 12.2 53.8
Grade 2 Ti 3.2 54.0
Ti–6Al–4V 3.8 174
Ti–5Al–5V–5Mo–3Cr 30 179

The calculated triple skin depths (3�) for selected excitation frequencies are shown in Table 3.7,

obtained from Equation Equation 2.32.

Table 3.7: Calculated triple skin depth (3�) in mm at selected frequencies.

Material 100 kHz 200 kHz 300 kHz 400 kHz 500 kHz

Titanium 3.48 2.46 2.01 1.74 1.56
Grade 2 Ti 3.49 2.46 2.01 1.74 1.56
Ti–6Al–4V 6.26 4.42 3.61 3.13 2.80
Ti–5Al–5V–5Mo–3Cr 6.38 4.51 3.68 3.19 2.85
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For the Ti–6Al–4V fasteners with a minimum thickness of 3:8 mm, the 3� values at 300 to 500 kHz

range from 3:61 to 2:80 mm. This satis�es the t � 3� criterion across the operating frequency

range, con�rming that the eddy current �eld remains effectively con�ned within the material and

that back-surface contributions are negligible.

Calibration Results

Calibration results are plotted in Figure 3.10, showing the voltage–resistivity relationship between

probe voltage and electrical resistivity used to extrapolate resistivity values for HLT313TA10-13

and HLT313DL8-16.

Figure 3.10: Calibration curves of probe voltage versus electrical resistivity at 400 kHz and 500 kHz. Linear
regression �ts (dashed lines) were used to extrapolate the resistivity of HLT313TA10-13 and HLT313DL8-16
titanium fasteners from measured voltage responses. Vertical dashed lines indicate the corresponding voltage
positions used to determine the extrapolated resistivity values.

The extracted resistivity values were evaluated across multiple excitation frequencies. The mean

value, standard deviation, and percentage difference relative to the book value are summarized in

Table 3.8.
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Table 3.8: Resistivity of titanium fasteners measured via ET (µ
 � cm).

Sample Mean (µ
 � cm) Standard Deviation Difference (%)

HLT313TA10-13 181.5 0.33 4.2
HLT313DL8-16 184.5 0.53 6.0

The variation across excitation frequency was less than 1 µ
 �cm, indicating minimal frequency

dependence within the tested range and good measurement repeatability. The low standard devia-

tion further con�rms that the calibration response was stable over the selected frequency band.

3.7.2 Resistivity Measurements Using the Four-Point Probe Technique

The four-point probe method is commonly used for measuring the resistivity of uniform conductive

samples [108]. In this con�guration, a known current is passed through the outer probes, while the

voltage drop is measured across the inner probes. This arrangement minimizes the in�uence of con-

tact resistance, since the voltage measurement circuit draws negligible current and therefore does

not include the resistance of the electrical contacts. To reduce thermoelectric effects and instrumen-

tation offsets, the applied current was reversed during each measurement, and the corresponding

voltages were averaged. For cylindrical fasteners, resistivity was calculated using Equation 3.1,

where the cross-sectional area was determined from the measured diameter of each specimen.

The experimental setup is shown in Figure 3.11. Each fastener was mounted in a custom 3D-

printed holder, and electrical contact was established using copper foils clamped to the specimen

ends. Care was taken to ensure consistent probe placement and stable mechanical contact through-

out the measurement process.

Figure 3.11: Four-point probe setup used for fastener resistivity measurements: (a) sample mounted in a
3D-printed holder and (b) electrical contact via copper foils clamped to the sample.

The geometric dimensions of the cylindrical fasteners used in the calculations are summarized

in Table 3.9.
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Table 3.9: Dimensions of cylindrical fasteners used in four-point probe measurements.

Sample Diameter (cm) Length (cm) Cross-sectional Area (cm2)

HLT313TA10-13 0.6536 1.4954 0.3355
HLT313DL8-16 0.5090 1.4954 0.2035

Five voltage measurements were obtained for each fastener at �100 mA, and the averaged

results are presented in Table 3.10, along with the calculated resistance and resistivity values.

Table 3.10: Four-point probe resistivity measurements of Ti–6Al–4V fasteners.

Sample Voltage (mV) Resistance (m
) Resistivity (µ
 � cm)

HLT313TA10-13 0.1259 0.126 172.9
HLT313DL8-16 0.0771 0.077 171.3

The repeatability of the four-point probe measurements was approximately �1 µ
 � cm, indi-

cating stable electrical contact and minimal measurement drift.

A comparison between the four-point probe results and the ET measurements is provided in

Table 3.11.

Table 3.11: Comparison of resistivity values obtained using ET and four-point probe methods.

Sample ET Mean (µ
 � cm) Four-Point (µ
 � cm) Difference (%)

HLT313TA10-13 181.5 172.9 7.6
HLT313DL8-16 184.5 171.3 6.4

The ET measurements exhibit higher resistivity values compared to the four-point probe results.

This is attributed to the surface-sensitive nature of ET, where the response is governed primarily

by near-surface material properties and calibration against reference standards. As a result, surface

condition, oxidation, and local material variation at the fastener head can increase the apparent

resistivity.

Additional factors speci�c to the measurement con�guration can further increase the apparent

resistivity, including the presence of letter stamps and the proximity of edges during pencil probe

measurements, both of which enhance the local eddy current response. Measurements were per-

formed as close as possible to the centre of the fastener head on a �at, clear region; however, the

fastener geometry can further affect the ET response. Unlike calibration standards, which are typ-

ically large and uniform, fasteners have �nite dimensions and curved surfaces that can alter the

distribution of induced eddy currents, leading to deviations from ideal calibration conditions.

In contrast, the four-point probe provides a bulk measurement of resistivity by directly relating

current and voltage using Equation 3.1. This approach reduces sensitivity to surface conditions and
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geometry and is therefore more representative of the intrinsic material properties.

The discrepancy between the two techniques is consistent with the expected difference between

a surface-sensitive, comparative method and a direct bulk measurement.

Magnetic Permeability Effects

In addition to electrical conductivity, the magnetic permeability of the fastener materials in�uences

the ET and PEC response. The titanium alloy Ti-6Al-4V (HLT313) is non-ferromagnetic, with a

relative permeability close to unity (�r � 1:00005), and therefore does not signi�cantly perturb the

magnetic �eld distribution [107].

In contrast, the precipitation-hardened stainless steel alloy PH13-8Mo used in HLT53 and

HLT265 fasteners exhibits ferromagnetic behaviour, with a relative permeability that can range from

approximately 46�127, depending on the applied magnetic �eld and material condition [111]. This

elevated permeability increases magnetic �ux concentration and modi�es the induced eddy current

distribution, resulting in observable differences in signal response between fastener types.
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4 Signal Processing and Analysis

4.1 General

This chapter outlines the signal processing and analysis methods used to evaluate PEC data for �aw

detection. The procedure involves three main steps: selecting a time window of interest through sig-

nal gating, reducing dimensionality using MPCA, and classifying signals via discriminant analysis.

These steps are �rst applied to calibration data from known �aw conditions and subsequently to sig-

nals from unknown samples. The objective is to extract and classify signal variations attributable to

defects, while minimizing the in�uence of unrelated sources of variation.

4.2 Signal Gating

The transient response of a PEC signal is inherently complex, characterized by multiple overlapping

features in�uenced by both material properties and experimental conditions. Since PCA-based

analysis captures variance across the entire signal rather than relying on isolated features, selecting

a segment of the response that contains the most relevant variation attributable to �aws is essential.

Figure 4.1 shows representative PEC signals acquired from fastener sites with and without

known defects. The initial rise of the signal, dominated by the inductive response of the excita-

tion coil, is largely consistent across all samples due to the uniform excitation pulse. However,

signal decay patterns diverge signi�cantly beyond the primary peak, which occurs at approximately

t �0:22 ms. This divergence, extending to t � 0:82 ms, is attributed to differences in electromag-

netic diffusion associated with underlying material discontinuities, such as cracks or notches. A

secondary feature at approximately 0:45 ms is attributed to non-ideal probe construction, including

�nite coil geometry and pickup coil asymmetry. As it appears in both defect and non-defect signals,

it does not contribute to �aw discrimination.
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Figure 4.1: Representative PEC signals showing defect-induced variations and gated interval.

While the precise timing and amplitude of defect-induced variations are not known in advance,

applying PCA within this targeted time window enables the unsupervised extraction of signal com-

ponents most relevant to classi�cation. The signal gate is de�ned to begin shortly after the primary

peak and extend until the response has substantially decayed, terminating at t = 0:82 ms. This

gating is applied to the absolute values of the pickup coil signals to eliminate polarity variations

arising from differential coil orientation and to maintain consistency across measurements.

Focusing on this region yields a signal segment with a smoother, more predictable decay pro�le,

which is more amenable to low-dimensional reconstruction using PCA eigenvectors. This approach

minimizes the approximation error, quanti�ed by the RSS, and ultimately enhances the sensitivity

and speci�city of �aw detection, as de�ned in Equation 2.70.

4.3 Signal Smoothing and Noise Reduction

At increased lift-off heights, the amplitude of both ET and PEC responses decreases, and the signals

become increasingly susceptible to noise, making reliable peak identi�cation more challenging. To

address this, a Savitzky-Golay �lter was applied to the raw time-domain responses to improve

the SNR [112]. This is particularly important at larger lift-offs, where reduced signal amplitude

increases the relative in�uence of measurement noise on feature extraction.

The Savitzky-Golay �lter smooths the data by �tting a low-degree polynomial to a moving

window of data points using a least-squares approach [112]. This method preserves important

waveform characteristics, such as peak amplitude, peak width, and zero-crossing behaviour, unlike

simple moving-average �lters, which can distort these features.
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The effectiveness of the �lter depends on the choice of window size and polynomial order.

Larger window sizes provide greater smoothing but may introduce distortion in rapidly varying

regions of the signal, while higher-order polynomials can better capture waveform curvature but

may also �t noise. In this work, the �lter parameters were selected to balance noise reduction and

feature preservation, ensuring that key transient characteristics relevant to subsequent analysis were

not signi�cantly altered.

4.4 Signal Processing Algorithm

A two-phase signal processing framework enables SHM using the PEC system, particularly for

inspecting aircraft wing spars under unknown conditions. The �rst phase involves calibration us-

ing known �aw conditions to build a reference model, while the second phase—real-time inspec-

tion—applies this model to classify new measurements.

4.4.1 Calibration

The calibration process, illustrated in Figure 4.2, involves analyzing signals from specimens with

known �aw conditions to establish a reference model for classi�cation. A representative set of

eigenvectors is extracted using MPCA, as described in Section 2.9.1, to capture signal variations

attributable to �aws. Simultaneously, discriminant analysis (Section 2.10) is used to compute re-

gression coef�cients that de�ne a linear boundary between notched and unnotched responses in the

reduced principal component space. The resulting eigenvectors and coef�cients are stored and used

during subsequent inspections for �aw classi�cation.

Figure 4.2: Signal processing work�ow for calibration.
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4.4.2 Real-Time Inspection

The second phase applies the stored calibration model to classify new PEC signals acquired during

real-time �eld inspections. As shown in Figure 4.3, each incoming signal is gated and projected

onto the precomputed principal component space. Discriminant scores are then calculated using the

stored regression coef�cients to classify each response as either notched or unnotched.

Figure 4.3: Signal processing work�ow for real-time inspection.

This process is implemented in LabVIEW, which supports real-time visualization of PCA score

scatter plots and automated �aw classi�cation. The result is provided immediately after signal

acquisition, enabling rapid go/no-go decisions in operational NDE environments.
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5 Analytical Model

5.1 General

Analytical modelling is fundamental to understanding and predicting the behaviour of complex

physical systems. In NDT applications such as PEC, analytical models can be formulated and

solved in both the time and frequency domains [84]. These models provide closed-form solutions

that enable rapid preliminary assessments of system behaviour, though they are often constrained

by simplifying assumptions and idealized geometries.

As discussed in Section 3.2, a vertically differential transient eddy current probe con�guration

produces two oppositely signed response peaks, whose maximum signal separation improves the

effective SNR at the extrema, simplifying signal interpretation. However, as lift-off—the distance

between the probe and the material surface—increases, the SNR decreases, and the separation be-

tween signal peaks becomes less distinct, making signal analysis more challenging. Optimizing the

transient eddy current probe dimensions for a given inspection geometry can enhance signal ampli-

tude and thereby improve the effective SNR, facilitating evaluations at greater lift-offs and enabling

more reliable transient signal interpretation. Consequently, both analytical and numerical models

should be developed to optimize probe performance for the intended inspection con�guration.

Analytical and numerical modelling approaches each provide distinct yet complementary ad-

vantages for system analysis and design optimization. Analytical models provide closed-form ex-

pressions that enable direct control over critical parameters, such as probe geometry and lift-off

distance. This capability supports the development of optimized probe designs tailored to speci�c

inspection geometries, improving signal clarity and reducing noise. Analytical models also offer

strong generalization potential, enabling their application across a wide range of inspection con-

ditions without recalibration, whereas FEM models are typically evaluated individually for each

geometry and material con�guration. Furthermore, they are computationally ef�cient, providing

immediate results without requiring iterative simulations, and they yield valuable physical insight

into how geometric and material parameters in�uence inspection outcomes.

Despite these advantages, analytical models are inherently limited by simplifying assumptions

that can restrict their accuracy under realistic conditions. Approximations involving homogeneous
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material properties, idealized boundary conditions, and simpli�ed geometries can result in dis-

crepancies when compared with experimental data. These limitations become more signi�cant for

systems with non-uniform geometries, multi-layered structures, or probe components incorporating

ferrite cores, which exhibit non-linear magnetic behaviour and frequency-dependent losses, partic-

ularly at elevated lift-offs, where reduced probe–specimen coupling lowers the SNR and ampli�es

the in�uence of probe-related non-idealities.

In contrast, FEM modelling offers a �exible numerical framework capable of addressing such

complexities. FEM can accommodate non-linear material behaviour, multi-layered con�gurations,

and frequency-dependent losses, providing a more representative simulation of real-world inspec-

tion environments. This capability makes FEM particularly effective for investigating complex

electromagnetic interactions in PEC systems and for validating analytical predictions. However,

FEM models are computationally intensive during evaluation. They are less suited to rapid evalu-

ations, as they rely on iterative meshing and solving procedures that can become time-consuming,

particularly when applied across wide frequency ranges or multiple material con�gurations. By

contrast, although developing analytical solutions to the underlying BVP may be time-consuming,

their subsequent evaluation enables ef�cient parameter sweeps across wide frequency ranges and

multiple material con�gurations.

5.2 Analytical Model Geometry

The analytical model geometry is illustrated in Figure 5.1. Two pickup coils are positioned symmet-

rically about the axis of an encircling driver coil located above a conducting plate of �nite thickness.

This vertically differential con�guration forms the basis for the analytical formulation developed in

this section.
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Figure 5.1: Driver coil, vertically differential pickup coils, and a �at conducting plate of �nite thickness.

According to Faraday's law, Equation 2.2, time-varying currents �owing in the driver and

pickup coils induce eddy currents within the conducting plate. These induced eddy currents, in turn,

generate transient magnetic �elds that couple back into the coils, altering their effective impedances.

This feedback arises from Amp�ere's law, whereby the induced currents act as secondary current

sources that modify the magnetic �ux linking the coils and, through Equation 2.42, change the

effective self and mutual inductances. The circuit representation describing the time-dependent

currents i1(t) and i2(t) in the driver and pickup coils, respectively, is shown in Figure 5.2, with

each coil represented by an effective impedance comprising its resistance and a time-dependent

inductive component.
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Figure 5.2: Equivalent circuit diagram for a driver coil and two vertically differential pickup coils.

The analytical formulation is based on the coupled differential equations derived from the cir-

cuit model in Figure 5.2. These equations incorporate complex self- and mutual inductance terms

that describe the electromagnetic interactions between the driver coil, the pickup coils, and the con-

ducting plate. The inductance functions are expressed in terms of frequency-dependent impedance

components, which account for the in�uence of eddy currents on the probe response. The system of

equations is solved using Fourier transform techniques, enabling a uni�ed description of transient

behaviour in both time and frequency domains.

To obtain expressions for the complex self- and mutual inductances, BVPs are formulated under

the boundary conditions de�ned by the probe geometry and material interfaces.

A key element of the analytical solution is the Fourier series representation of the square-wave

excitation signal applied to the driver coil. By decomposing the square wave into its harmonic com-

ponents, the frequency-domain response can be used to reconstruct the time-domain eddy current

behaviour through inverse summation. This approach enables precise computation and visualiza-

tion of transient responses, providing a robust foundation for comparing analytical predictions with

numerical simulations and experimental measurements.

5.3 Circuit Solution

The analytical model is formulated using differential circuit equations derived from interactions

between the driver and pickup coils, as shown in Figure 5.2. These equations incorporate complex

self- and mutual inductance functions that account for interactions between the probe's magnetic

�elds and the eddy currents in the conducting plate. Time-domain convolutions are denoted by �,

as described in Section 2.8.
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5.3.1 Time-Domain Circuit Equations

Using the self- and mutual inductance terms �rst introduced in Section 2.4.1 and the equivalent-

circuit representation shown in Figure 5.2, the governing equation for the driver-coil circuit is

v1(t) = R 1 i 1(t) +
�
L 1 + L 1(t)

�
�

@i1(t)
@t

+
�
M 21 + M 21(t)

�
�

@i2(t)
@t

�
�
M 31 + M 31(t)

�
�

@i2(t)
@t

: (5.1)

Here, v1(t) is the applied excitation voltage, i1(t) is the current in the driver-coil circuit (Circuit 1),

and i2(t) is the current in the pickup circuit (Circuit 2). Ri denotes the resistance of coil i, where

i 2 f1; 2; 3g. Similarly, L i represents the self-inductance of coil i, and Mij denotes the mutual

inductance between coils i and j, where i; j 2 f1; 2; 3g and i 6= j. The quantities Li (t) and M ij (t)

depend on the geometry and material properties of the probe and test specimen. Speci�cally, Li (t)

represents the time-dependent complex self-inductance of coil i arising from eddy current diffusion

in the conducting specimen, while Mij (t) is the corresponding time-dependent complex mutual

inductance induced by the specimen response.

For the pickup coils,

0 = R 2 i 2(t) + R 3 i 2(t) +
�
L 2 + L 2(t)

�
�

@i2(t)
@t

+
�
L 3 + L 3(t)

�
�

@i2(t)
@t

�
�
M 23 + M 23(t)

�
�

@i2(t)
@t

�
�
M 32 + M 32(t)

�
�

@i2(t)
@t

+
�
M 12 + M 12(t)

�
�

@i1(t)
@t

�
�
M 13 + M 13(t)

�
�

@i1(t)
@t

: (5.2)

Assuming identical, symmetrically placed pickup coils—an assumption supported by the mea-

sured pickup coil resistances in Table 3.1, which agree within 1 %, and by the close agreement

(within 4 %) between the measured and analytically predicted pickup self-inductance values—the

following relations hold:

R2 = R 3; L 2 = L 3; M 21 = M 12; (5.3)

M 31 = M 13; M 23 = M 32; M 23(t) = M 32(t): (5.4)

Under these assumptions, Equation 5.1 and Equation 5.2 reduce to:

v1(t) = R 1 i 1(t) +
�
L 1 + L 1(t)

�
�

@i1(t)
@t

+
�
M 21(t) � M 31(t)

�
�

@i2(t)
@t

; (5.5)

and

0 = 2R2 i 2(t) +
�
2L2 + L 2(t) + L 3(t) � 2

�
M 23 + M 23(t)

��
�

@i2(t)
@t

+
�
M 12(t) � M 13(t)

�
�

@i1(t)
@t

: (5.6)
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5.3.2 Frequency-Domain Form and Solutions

Applying the Fourier transform from Section 2.6 to Equation 5.5 and Equation 5.6, the frequency-

domain equations are obtained:

v1(!) =
�
R1 + j!(L 1 + L 1)

�
i 1(!) + j!

�
M 21 � M 31

�
i 2(!); (5.7)

and

0 =
�
2R2 + j!(2L 2 + L 2 + L 3 � 2(M 23 + M 23))

�
i 2(!) + j!

�
M 12 � M 13

�
i 1(!); (5.8)

where Li = L i (!) and M ij = M ij (!) denote complex, frequency-dependent self- and mutual

inductance functions.

The solutions for i1(!) and i 2(!) are derived from Equation 5.7 and Equation 5.8:

i 1(!) =

�
2R2 + j!(2L 2 + L 2 + L 3 � 2(M 23 + M 23))

�
v1(!)

! 2
�
M 12 � M 13

� 2 +
�
R1 + j!(L 1 + L 1)

��
2R2 + j!(2L 2 + L 2 + L 3 � 2(M 23 + M 23))

� ;

(5.9)

and

i 2(!) =
� j!

�
M 12 � M 13

�
v1(!)

! 2
�
M 12 � M 13

� 2 +
�
R1 + j!(L 1 + L 1)

��
2R2 + j!(2L 2 + L 2 + L 3 � 2(M 23 + M 23))

� :

(5.10)

5.3.3 Simpli�cations for Weak Couplings

If the coupling of Coil 3 to the sample is negligible, such that

L 3 � 2L 2 + L 2; M 31 = M 13 � M 12; M 32 = M 23 � 2L 2 + L 2; (5.11)

the corresponding inductive terms may be neglected:

L 3 � 0; M 31 = M 13 � 0; M 32 = M 23 � 0: (5.12)

In addition, if the mutual coupling between Coils 2 and 3 is negligible due to their separation

(M 23 � 0), Equation 5.9 and Equation 5.10 simplify to:

i 1(!) =

�
2R2 + j!(2L 2 + L 2)

�
v1(!)

! 2M 2
12 +

�
R1 + j!(L 1 + L 1)

��
2R2 + j!(2L 2 + L 2)

� ; (5.13)

and

i 2(!) =
� j!M 12 v1(!)

! 2M 2
12 +

�
R1 + j!(L 1 + L 1)

��
2R2 + j!(2L 2 + L 2)

� : (5.14)
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5.4 Boundary Value Problem Solutions for Inductance Derivation

To derive analytical expressions for the probe's self- and mutual inductances, the governing BVPs

must be solved. Starting from the MQS Poisson equation for the azimuthal component of the

magnetic vector potential, A� , in a homogeneous non-conducting region (Equation 2.18),

r 2A � (r; z) = �� 0j � (r; z): (5.15)

Assuming a linear, isotropic, and homogeneous medium, a total driving current i0 in a �lamentary

loop located at (r0; z0) produces a current density j� (r; z) = i 0
r �(r � r 0) �(z � z 0). Substituting

this into Equation 5.15 yields the differential form [14]:
�

@2

@r2
+

1
r

@
@r

�
1
r 2 +

@2

@z2

�
A � (r; z) = �� 0

i 0 �(r � r 0) �(z � z 0)
r

: (5.16)

Given the symmetry of the system in the azimuthal direction (�), a �rst-order Hankel transform

(parameter kr ) is applied to the radial coordinate r, and a Fourier cosine transform (parameter kz)

is applied to the axial coordinate z, as described in Section 2.6. The transformed equation obtained

from Equation 5.16 becomes:

A � (k r ; kz) = � 0i 0
r0J1(k r r0) cos(kzz0)

k2
r + k 2

z
: (5.17)

Applying the inverse Hankel and inverse Fourier cosine transforms, as described in Section 2.6, to

Equation 5.17 gives the spatial-domain solution for a �lamentary source:

A � (r; z) =
� 0i 0

�

Z 1

0

Z 1

0
kr J1(k r r) cos(kzz)

r0J1(k r r0) cos(kzz0)
k2

r + k 2
z

dkz dkr : (5.18)

To obtain the A� for a �nite coil, the �lamentary solution in Equation 5.18 is integrated over the

coil cross-section and multiplied by the turn density n = N=[l(b � a)], where N is the number of

turns, l is the coil length, and a and b are the inner and outer radii. Consistent with the geometry

used in Figure 5.4, the coil occupies z0 2 [0; l] and r0 2 [a; b], yielding:

A � (r; z) =
2� 0ni 0

�

Z 1

0

Z 1

0
kr J1(k r r) cos(kzz)

Z b

a
r0J1(k r r0) dr 0 sin

�
kz l
2

�

kz(k2
r + k 2

z )
dkz dkr : (5.19)

This double integral is convergent for all r and z, including points within the coil boundaries.

To simplify, one of the inverse transforms can be performed analytically, though this restricts the

regions of convergence of the resulting solutions.

Figure 5.3 illustrates two representative boundary con�gurations encountered in eddy current

modelling: (a) a vertical interface, where the coil encircles a bounded region, and (b) a horizontal

interface, where the coil is positioned above a planar conductive plate. These geometries represent

two common con�gurations encountered in axisymmetric and layered domain analyses [20], [55].

68



(a) (b)

Figure 5.3: Cross-sectional view of two boundary con�gurations in eddy current modelling: (a) a vertical
interface where the coil encircles a bounded region, and (b) a horizontal interface where the coil is positioned
above a conductive plate.

For vertical interfaces, such as in Figure 5.3(a), performing the inverse Fourier cosine transform

in Equation 5.19 �rst and applying the relevant boundary conditions yields the piecewise solution:

A � (r; z) =
2� 0ni 0

�

Z 1

0

cos(kzz) sin
� kz l

2

�

kz

8
<

:

I 1(kzr)
Rb

a r0K 1(kzr0) dr 0; r < a;

K 1(kzr)
Rb

a r0I 1(kzr0) dr 0; r > b;
dkz; (5.20)

where I1 and K1 are the modi�ed Bessel functions of the �rst and second kinds. The solution is

expressed for regions external to the current-carrying coil (r < a and r > b), where the governing

equation is homogeneous.

For horizontal interfaces, as shown in Figure 5.3(b), performing the inverse Hankel transform

of Equation 5.19 yields:

A � (r; z) =
� 0ni 0

2

Z 1

0
J1(k r r)

 Rb
a r0J1(k r r0) dr 0

kr

! 8
<

:
e�k r (z�l) (1 � e �k r l ); z > l;

ekr z(1 � e �k r l ); z < 0;
dkr :

(5.21)

5.4.1 Derivation for Self- and Mutual Inductances

Using the solutions in Equation 5.19, Equation 5.20, and Equation 5.21, the self- and mutual in-

ductances are obtained by integrating the magnetic vector potential over the coil volume. Using the

�ux-linkage de�nition L = �=i 0, with � =
RRR

J� A � dV , and modelling the winding as a homog-

enized conductor with uniform azimuthal current density J� = ni 0, the self-inductance reduces

to [20], [73]:

L � 2�n
ZZ

coil
r A (coil)

� (r; z) dr dz: (5.22)
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Substituting Equation 5.19 into Equation 5.22 and performing the radial, axial, and azimuthal inte-

grations, the self-inductance becomes:

L = 8n 2� 0

Z 1

0

Z 1

0

kr

k2
z (k2

r + k 2
z )

� Z b

a
r0J1(k r r0) dr 0

� 2

sin2
�

kz l
2

�
dkz dkr : (5.23)

For two identical coaxial coils (Coil 2 and Coil 3) with a2 = a 3, b2 = b3, l2 = l 3, and n2 = n 3,

separated by a distance of s, the mutual inductance is [20], [73]:

M 23 � 2�n 3

ZZ

coil 3
r A (coil 2)

� (r; z) dr dz: (5.24)

Substituting Equation 5.21 into Equation 5.24, evaluating the radial, axial, and azimuthal integrals,

and simplifying, the following result is obtained:

M 23 = � 0�n 2
Z 1

0

� Z b

a
rJ 1(k r r) dr

� 2 �
1 � e �k r l

kr

� 2

e�k r s dkr : (5.25)

Similarly, for coaxial coils where Coil 2 lies entirely within Coil 1, the mutual inductance is:

M 12 � 2�n 2

ZZ

coil 2
r A (coil 1)

� (r; z) dr dz: (5.26)

Substituting the vertical-interface form of Equation 5.20 into Equation 5.26, and evaluating the

radial, axial, and azimuthal integrals before simplifying yields:

M 12 = 8n 2n1� 0

Z 1

0

sin
�

kz l2
2

�
sin

�
kz l1

2

�

k2
z

� Z b1

a1

r0K 1(kzr0) dr 0

� � Z b2

a2

rI 1(kzr) dr
�

dkz:

(5.27)

5.4.2 Complex Self- and Mutual Inductances for Conductive Plates

For the horizontal interface geometry in Figure 5.3(b), the A� for a coil in the air region (z < 0)

derived from Equation 5.21 is:

A (coil)
� (k r ; z) = � coilekr z; � coil =

� 0n
2

1
kr

 Rb
a r0J1(k r r0) dr 0

kr

!
�

1 � e �k r l
�

: (5.28)

where l denotes the axial extent of the coil.

Starting from the diffusion equation, Equation 2.17, expressed in cylindrical coordinates, the

governing equation for a conducting plate of �nite thickness p is
�

@2

@z2
+

@2

@r2
+

1
r

@
@r

�
1
r 2

�
A � (r; z; t) = ��

@A� (r; z; t)
@t

: (5.29)
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Equation 5.29 can be transformed into a second-order Ordinary Differential Equation (ODE) by

applying integral transforms to the spatial variables. Applying a temporal Fourier transform and a

Hankel transform in the radial direction to Equation 5.29 yields:
�

@2

@z2
+ k 2

r

�
A � (k r ; z; !) = j!�� A � (k r ; z; !): (5.30)

Rearranging yields:
@2

@z2
A � (k r ; z; !) = (j!�� + k 2

r )A � (k r ; z; !): (5.31)

The general solution to Equation 5.31 is therefore

A (gen)
� (k r ; z; !) = Ce �z + De ��z ; (5.32)

where � =
p

k2
r + j!�� and the constants C and D are determined by the boundary conditions.

Different forms of this general solution apply depending on the region.

Figure 5.4 illustrates the BVP used to determine the magnetic vector potential for a �nite-length

coil positioned above a conducting plate. The geometry is divided into �ve regions: Region I is the

air above the coil, Region II contains the coil volume, Region III is the air gap between the coil and

the plate, Region IV is the conducting plate, and Region V is the air below the plate.

Figure 5.4: Multi-region BVP for a �nite-length coil above a conducting plate.

In Region I, the magnetic vector potential consists of the contribution from the coil and a re-

�ected component due to the presence of the conducting plate. Region II contains the distributed

coil current and is therefore governed by a forced diffusion equation. Region III is source-free

air and admits bidirectional exponentially varying solutions. Region IV describes diffusion within
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the conducting plate, while Region V contains only exponentially decaying components to ensure

bounded behaviour as z ! �1. Let h denote the lift-off distance between the base of the coil

and the top surface of the plate, p the plate thickness, and �r = �=� 0. The corresponding spectral

solutions in each region are written as:

A (I)
� (k r ; z) = � coile�k r (z�l) + c 1e�k r z; z > l; (5.33)

A (II)
� (k r ; z) = A (coil)

� (k r ; z) + c 2e�k r z + c 3ekr z; 0 < z < l; (5.34)

A (III)
� (k r ; z) = � coilekr z + c 4ekr z + c 5e�k r z; � h < z < 0; (5.35)

A (IV)
� (k r ; z) = c 6e�z + c 7e��z ; � h � p < z < �h; (5.36)

A (V)
� (k r ; z) = c 8ekr z; z < �h � p: (5.37)

Since the coil current is distributed over a �nite volume, no surface current sheets are present

at the interfaces. Following the formulation of Dodd and Deeds [20], both A� and its normal

derivative scaled by permeability remain continuous across all interfaces. The interfaces between

regions are located at z = l (Regions I–II), z = 0 (Regions II–III), z = �h (Regions III–IV), and

z = �(h+p) (Regions IV–V). Substituting the regional solutions into the corresponding continuity

conditions yields a system of linear equations for the unknown coef�cients ci , which is solved to

obtain the re�ected and transmitted �eld components required for the evaluation of the complex

self- and mutual inductances.

At the interface between Regions I and II, corresponding to the air region above the coil and the

coil volume, located at z = l, the continuity conditions are

A (I)
� (k r ; l) = A (II)

� (k r ; l); (5.38)

@A(I)�

@z

�
�
�
�
z=l

=
@A(II)�

@z

�
�
�
�
z=l

: (5.39)

At the interface between Regions II and III, corresponding to the bottom of the coil and the air

gap, located at z = 0, the continuity conditions are

A (II)
� (k r ; 0) = A (III)

� (k r ; 0); (5.40)

@A(II)�

@z

�
�
�
�
z=0

=
@A(III)�

@z

�
�
�
�
z=0

: (5.41)

At the interface between Regions III and IV, corresponding to the air region above the conduct-

ing plate, located at z = �h, the continuity conditions are

A (III)
� (k r ; �h) = A (IV)

� (k r ; �h); (5.42)

1
� 0

@A(III)�

@z

�
�
�
�
z=�h

=
1
�

@A(IV)
�

@z

�
�
�
�
z=�h

: (5.43)
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At the interface between Regions IV and V, corresponding to the bottom surface of the conduct-

ing plate and the air region below, located at z = �(h + p), the continuity conditions are

A (IV)
� (k r ; �h � p) = A (V)

� (k r ; �h � p); (5.44)

1
�

@A(IV)
�

@z

�
�
�
�
z=�h�p

=
1
� 0

@A(V)
�

@z

�
�
�
�
z=�h�p

: (5.45)

In the �nite air regions (Regions I–III), the solutions are expressed as linear combinations of e�k r z;

although one branch grows with z, both remain bounded over the �nite intervals and the coef�-

cients are determined by the interface conditions. Substituting the regional solutions given in Equa-

tion 5.33–Equation 5.37 into the continuity conditions at z = l, z = 0, z = �h, and z = �(h + p)

yields a coupled system of eight linear equations for the unknown coef�cients ci .

0 = c1e�k r l � c 2e�k r l � c 3ekr l ; (5.46)

0 = �c 1e�k r l + c 2e�k r l � c 3ekr l ; (5.47)

0 = c2 + c 3 � c 4 � c 5; (5.48)

0 = �c 2 + c 3 � c 4 + c 5; (5.49)

0 = � coile�k r h + c 4e�k r h + c 5ekr h � c 6e��h � c 7e�h ; (5.50)

0 = k r

�
� coile�k r h + c 4e�k r h � c 5ekr h

�
�

�
� r

�
c6e��h � c 7e�h

�
; (5.51)

0 = c6e��(h+p) + c 7e�(h+p) � c 8e�k r (h+p) ; (5.52)

0 =
�
� r

�
c6e��(h+p) � c 7e�(h+p)

�
� k r c8e�k r (h+p) : (5.53)

Solving this system provides the unknown coef�cients c1–c8 as follows:

c1 = c 2 = c 5 = � coil
(1 � e 2�p )(� 2 � k 2

r � 2
r )e�2k r h

(� + k r � r )2e2�p � (� � k r � r )2 ; (5.54)

c3 = c 4 = 0; (5.55)

c6 = � coil
2kr � r (� + k r � r )e�(h+2p)�k r h

(� + k r � r )2e2�p � (� � k r � r )2 ; (5.56)

c7 = � coil
2kr � r (� � k r � r )e�h(�+k r )

(� + k r � r )2e2�p � (� � k r � r )2 ; (5.57)

c8 = � coil
4�k r � r ep(�+k r )

(� + k r � r )2e2�p � (� � k r � r )2 : (5.58)
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Using Equation 5.28 for �coil and substituting c5 into the air-gap potential in Region III Equa-

tion 5.35, the re�ected �eld in the air region above the plate becomes:

A (above)
� (k r ; z) = � coil

�
ekr z +

(1 � e 2�p )(� 2 � k 2
r � 2

r )e�2k r h

(� + k r � r )2e2�p � (� � k r � r )2 e�k r z
�

: (5.59)

The complex mutual inductance between two coaxial coils with their bases positioned at z = 0

along a shared axis can then be determined by integrating Equation 5.59 over the volume of the

second coil, resulting in:

M 12 = 2�n 2

Z 1

0
� coil1

(1 � e 2�p )(� 2 � k 2
r � 2

r )e�2k r h

(� + k r � r )2e2�p � (� � k r � r )2

� Z b2

a2

rJ 1(k r r) dr
� �

1 � e �k r l2

kr

�
dkr :

(5.60)

Substituting the coil potential term �coil from Equation 5.28 into Equation 5.60 yields the �nal

closed-form expression:

M 12 = �n 1n2� 0

Z 1

0

� Z b1

a1

r0J1(k r r0) dr 0

��
1 � e �k r l1

kr

�
(1 � e 2�p )(� 2 � k 2

r � 2
r )e�2k r h

(� + k r � r )2e2�p � (� � k r � r )2

�
� Z b2

a2

rJ 1(k r r) dr
��

1 � e �k r l2

kr

�
dkr : (5.61)

Similarly, the complex mutual inductance between two coaxially aligned coils, located at a distance

l2 + s above the plate along a shared axis, is given by:

M 13 = �n 1n3� 0

Z 1

0

� Z b1

a1

r0J1(k r r0) dr 0

��
1 � e �k r l1

kr

�
(1 � e 2�p )(� 2 � k 2

r � 2
r )e�2k r h

(� + k r � r )2e2�p � (� � k r � r )2

�
� Z b3

a3

rJ 1(k r r) dr
��

1 � e �k r l3

kr

�
e�k r (l 3+s) dkr : (5.62)

For two identical pickup coils (a2 = a 3; b2 = b3; l2 = l 3; n2 = n 3) separated by a distance s

above the plate, the mutual inductance simpli�es to:

M 23 = �n 2
2� 0

Z 1

0

� Z b2

a2

rJ 1(k r r) dr
� 2�

1 � e �k r l2

kr

� 2
(1 � e 2�p )(� 2 � k 2

r � 2
r )e�2k r h

(� + k r � r )2e2�p � (� � k r � r )2

� e �k r (l 2+s) dkr : (5.63)

Finally, using the same formulation, the complex self-inductance of a single coil above a conductive

plate is expressed as:

L = �n 2� 0

Z 1

0

� Z b

a
rJ 1(k r r) dr

� 2�
1 � e �k r l

kr

� 2
(1 � e 2�p )(� 2 � k 2

r � 2
r )e�2k r h

(� + k r � r )2e2�p � (� � k r � r )2 dkr : (5.64)
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5.5 Fourier Series Representation of Square Wave Excitation for

Time-Domain Computation

In analyzing PEC systems, obtaining time-domain solutions for the induced currents is essential for

understanding the transient response. This is facilitated by applying the inverse Fourier transform

to the frequency-domain expressions derived from the governing circuit equations. The inverse

Fourier transform is de�ned in Equation 2.53 and applied to the current expressions in Equation 5.13

and Equation 5.14. The resulting time-domain currents are:

i 1(t) =
1

2�

Z 1

�1

�
2R2 + j!(2L 2 + L 2)

�
v(!)

! 2M 2
12 +

�
R1 + j!(L 1 + L 1)

� �
2R2 + j!(2L 2 + L 2)

� ej!t d!; (5.65)

and

i 2(t) = �
1

2�

Z 1

�1

j!M 12 v(!)
! 2M 2

12 +
�
R1 + j!(L 1 + L 1)

� �
2R2 + j!(2L 2 + L 2)

� ej!t d!; (5.66)

where v1(!) is the Fourier transform of the excitation v1(t).

5.5.1 Fourier Series Representation of the Square-Wave Excitation

In this PEC system, the excitation is a 50 %-duty unipolar square wave. This square wave can

be represented as a Fourier series, simplifying the analysis of the system's behaviour in both the

frequency and time domains. Its Fourier series for the period 2T0 (T0 is the length of the pulse) and

amplitude v0 is:

v(t) =
v0

2
+

2v0

T0

1X

k=1

sin($ k t)
$ k

; (5.67)

with harmonic angular frequencies:

$ k = (2k � 1)
�
T0

: (5.68)

The Fourier transform of Equation 5.67 is described in Equation 2.64 and rewritten below:

v(!) = �v 0�(!) +
2�v 0

T0

1X

k=1

�(! � $ k ) � �(! + $ k )
j$ k

; (5.69)

where �(!) is the Dirac delta function.

Substituting Equation 2.64 into Equation 5.65 and Equation 5.66 and using the delta function

sifting property [88] yields sums over the harmonics, effectively reducing the problem to a summa-
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tion of trigonometric functions. The expressions for the time-domain currents become:

i 1(t) =
v0

2

Z 1

�1

1X

k=1

�
2R2 + j!(2L 2 + L 2)

�
�(!)

! 2M 2
12 +

�
R1 + j!(L 1 + L 1)

��
2R2 + j!(2L 2 + L 2)

� ej!t d!

+
v0

T0

Z 1

�1

1X

k=1

2R2 + j!(2L 2 + L 2)
! 2M 2

12 +
�
R1 + j!(L 1 + L 1)

��
2R2 + j!(2L 2 + L 2)

� ej!t

�
�(! � $ k ) � �(! + $ k )

j$ k

�
d!; (5.70)

and

i 2(t) = �
v0

2

Z 1

�1

1X

k=1

j!M 12 �(!)
! 2M 2

12 +
�
R1 + j!(L 1 + L 1)

��
2R2 + j!(2L 2 + L 2)

� ej!t d!

�
v0

T0

Z 1

�1

1X

k=1

j!M 12

! 2M 2
12 +

�
R1 + j!(L 1 + L 1)

��
2R2 + j!(2L 2 + L 2)

� ej!t
�

�(! � $ k ) � �(! + $ k )
j$ k

�
d!:

(5.71)

These integrals, once simpli�ed, reduce to:

i 1(t) =
v0

2R1
+

v0

T0

1X

k=1

 
2R2 + j$ k (2L 2 + L 2)

j$ k
�
$ 2

kM 2
12 +

�
R1 + j$ k (L 1 + L 1)

��
2R2 + j$ k (2L 2 + L 2)

�� ej$ k t

!

�
v0

T0

1X

k=1

 
2R2 � j$ k (2L 2 + L 2)

j$ k
�
$ 2

kM 2
12 +

�
R1 � j$ k (L 1 + L 1)

��
2R2 � j$ k (2L 2 + L 2)

�� e�j$ k t

!

; (5.72)

and

i 2(t) = �
v0

T0

1X

k=1

 
M 12

$ 2
kM 2

12 +
�
R1 + j$ k (L 1 + L 1)

��
2R2 + j$ k (2L 2 + L 2)

� ej$ k t

!

+
v0

T0

1X

k=1

 
M 12

$ 2
kM 2

12 +
�
R1 � j$ k (L 1 + L 1)

��
2R2 � j$ k (2L 2 + L 2)

� e�j$ k t

!

: (5.73)

The second sums in Equation 5.72 and Equation 5.73 are complex conjugates of the �rst. The sum

of a function and its complex conjugate equals twice the real part of that function [88]. Hence, these

equations can be reformulated as:

i 1(t) =
v0

2R1
+

2v0

T0

1X

k=1

<

(
ej$ k t

j$ k

2R2 + j$ k (2L 2 + L 2)
$ 2

kM 2
12 +

�
R1 + j$ k (L 1 + L 1)

��
2R2 + j$ k (2L 2 + L 2)

�

)

;

(5.74)

and

i 2(t) = �
2v0

T0

1X

k=1

<

(
M 12 ej$ k t

$ 2
kM 2

12 +
�
R1 + j$ k (L 1 + L 1)

��
2R2 + j$ k (2L 2 + L 2)

�

)

; (5.75)

where L1(!), L 2(!), and M 12(!) are evaluated at ! = $ k .
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5.5.2 Trigonometric Expansion of the Time-Domain Response

To express the solutions in terms of trigonometric functions, the exponential term is expanded using

Euler's identity [88]:

ej$ k t = cos($ k t) + j sin($ k t); (5.76)

which separates the expression into its real and imaginary components. Next, consider the fraction's

denominator in the time-domain current Equation 5.74 and Equation 5.75. It is de�ned as:

Dk = $ 2
kM 2

12 +
�
R1 + j$ k (L 1 + L 1)

��
2R2 + j$ k (2L 2 + L 2)

�
; (5.77)

its real and imaginary parts are:

Ak = <fD kg = $ 2
k

�
<fM 12g2 � =fM 12g2�

+ (R 1 � $ k=fL 1g)(2R2 � $ k=fL 2g)

� $ 2
k (L 1 + <fL 1g)(2L 2 + <fL 2g) ; (5.78)

Bk = =fD kg = 2$ 2
k<fM 12g=fM 12g + $ k (L 1 + <fL 1g)(2R2 � $ k=fL 2g)

+ $ k (2L 2 + <fL 2g)(R1 � $ k=fL 1g) : (5.79)

Now, consider the numerator in the current expression for i1(t), given by:

Nk = 2R 2 + j$ k (2L 2 + L 2); (5.80)

with real and imaginary components given, respectively, as:

<fN kg = 2R2 � $ k=fL 2g; =fN kg = $ k
�
2L2 + <fL 2g

�
(5.81)

Thus, by applying complex division, the fraction in Equation 5.74 can be rewritten as:

Nk

Ak + jB k
=

<fN kgAk + =fN kgBk

A2
k + B 2

k
+ j

=fN kgAk � <fN kgBk

A2
k + B 2

k
: (5.82)

The denominator j$k introduces both a division by frequency and a multiplication by �j, as1
j =

�j. Thus, Euler's formula Equation 5.76 is reformulated as:

ej$ k t

j$ k
=

sin($ k t)
$ k

� j
cos($ k t)

$ k
; (5.83)

Equation 5.74 becomes:

i 1(t) =
v0

2R1
+

2v0

T0

1X

k=1

"
(2R2 � $ k=fL 2g)Ak + $ k (2L 2 + <fL 2g)Bk

$ k (A 2
k + B 2

k )
sin($ k t)

+
$ k (2L 2 + <fL 2g)Ak � (2R 2 � $ k=fL 2g)Bk

$ k (A 2
k + B 2

k )
cos($ k t)

#

: (5.84)
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Similarly, Equation 5.75 can be expressed as:

i 2(t) = �
2v0

T0

1X

k=1

"
<fM 12gAk + =fM 12gBk

A2
k + B 2

k
cos($ k t)

�
=fM 12gAk � <fM 12gBk

A2
k + B 2

k
sin($ k t)

#

: (5.85)

For Equation 5.84, the harmonic term can be expressed as:

Sk sin($ k t) + C k cos($ k t); (5.86)

where the coef�cients Sk and Ck are de�ned as

Sk =
(2R2 � $ k=fL 2g)Ak + $ k (2L 2 + <fL 2g)Bk

$ k (A 2
k + B 2

k )
; (5.87)

Ck =
$ k (2L 2 + <fL 2g)Ak � (2R 2 � $ k=fL 2g)Bk

$ k (A 2
k + B 2

k )
: (5.88)

Each term in Equation 5.86 may be rewritten as a single sinusoid using the phase-shift identity:

Sk sin($ k t) + C k cos($ k t) = A 0
k sin($ k t + � k ); (5.89)

where

A0
k =

q
S2

k + C 2
k ; � k = arg

�
Sk + j C k

�
: (5.90)

The resulting expression for the driver-coil current is therefore

i 1(t) =
v0

2R1
+

2v0

T0

1X

k=1

1
$ k

s
(2R2 � $ k=fL 2g)2 + $ 2

k (2L 2 + <fL 2g)2

A2
k + B 2

k

� sin
�
$ k t + arg

�
Sk + j C k

��
: (5.91)

For the pickup-coil current, analogous sine and cosine coef�cients are de�ned as

~Sk = �
=fM 12gAk � <fM 12gBk

A2
k + B 2

k
;

~Ck =
<fM 12gAk + =fM 12gBk

A2
k + B 2

k
;

yielding the compact expression

i 2(t) = �
2v0

T0

1X

k=1

s
<fM 12g2 + =fM 12g2

A2
k + B 2

k

� sin
�

$ k t + arg
� ~Sk + j ~Ck

� �
: (5.92)
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Note: arg(�) denotes the complex argument (phase) and is equivalent to atan2(=f�g; <f�g), ensur-

ing the correct quadrant for �k .

Equation 5.91 and Equation 5.92 represent the �nal time-domain solutions for the driver and

pickup coil currents, respectively, under square-wave excitation of amplitude v0 and period 2T0,

assuming linear magnetic permeability.
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6 Numerical Implementation and

Validation

6.1 General

This chapter presents results obtained from analytical modelling, FEM simulations, and experimen-

tal measurements conducted on the specimens introduced in Section 3.3. Analytical expressions for

the driver and pickup coil currents, given in Equation 5.91 and Equation 5.92, were evaluated us-

ing the probe parameters listed in Table 3.1 and compared directly against corresponding FEM

simulations and experimental data.

The objectives of this chapter are to assess the accuracy of the analytical model in reproducing

the transient PEC response across a range of materials and lift-off conditions, and to quantify the

agreement between analytical, numerical, and experimental signals using physically meaningful

time-domain features.

6.2 Experimental Time-Domain Signal Acquisition

Experimental pickup-coil voltage responses were acquired using the PEC inspection system de-

scribed in Chapter 3. For each specimen and lift-off condition, a unipolar square-wave excitation

was applied to the driver coil, and the resulting differential pickup voltage was recorded over mul-

tiple excitation periods using a high-speed data acquisition system. The recorded waveforms were

averaged over repeated pulses to improve SNR and were subsequently exported for post-processing.

Lift-off was varied from 0 mm to 10 mm in 1 mm increments using a computer-controlled transla-

tion stage, ensuring consistent probe alignment and repeatable lift-off distances across all measure-

ments.
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6.3 Analytical Model Implementation

6.3.1 Numerical Implementation of the Analytical Reconstruction

The analytical reconstruction of the time-domain PEC response was implemented in Python using

the closed-form expressions developed in Chapter 5. The implementation evaluates the frequency-

domain driver and pickup currents given by Equation 5.13 and Equation 5.14, together with the

complex self- and mutual inductance functions de�ned in Equation 5.61–Equation 5.64, and recon-

structs the corresponding time-domain currents via the Fourier-series formulations in Equation 5.91

and Equation 5.92.

Numerical integration was performed using the Gauss–Kronrod adaptive quadrature routine

scipy.integrate.quad, while harmonic-domain operations were vectorized using NumPy

to improve computational ef�ciency. All probe geometry and DC circuit parameters (coil radii,

lengths, turn counts, and resistances) were �xed to match the experimentally measured values of

the physical probe described in Section 3.6, ensuring consistency across analytical, FEM, and ex-

perimental comparisons.

A complete description of the computational structure, including algorithm �ow, data manage-

ment, and harmonic summation procedures, is provided in Appendix E.

Lift-Off Con�guration and Material Properties

Lift-off was varied from 0 to 10 mm in 1 mm increments to mirror the experimental scan conditions.

In the analytical model, a �xed structural offset of 1:27 mm was added to all nominal lift-off values

to account for the probe construction, such that a nominal lift-off of 0 mm corresponds to a physical

coil–surface separation of 1:27 mm.

For each lift-off and material, the frequency-dependent complex self-inductances L1(!) and

L 2(!), and the mutual inductance M12(!), were computed at all retained harmonic frequencies

and used to reconstruct both the driver current i1(t) and the pickup current i2(t). Material prop-

erties were speci�ed using experimentally measured plate thicknesses and conductivities listed in

Table 3.5.

Numerical Integration Tolerances and Convergence Controls

The evaluation of the frequency-dependent inductance expressions requires nested numerical inte-

gration, consisting of an inner radial integral and an outer wave number integral. Separate adaptive

integration controls were applied to each layer to accommodate their differing numerical behaviour.

The inner integral was evaluated using absolute and relative tolerances of 10�9 and 10�7 , re-

spectively, while the outer integral employed an absolute tolerance of 10�9 and a relative tolerance
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of 10�6 , along with an increased subdivision limit to resolve the oscillatory Bessel-function be-

haviour. These settings were found to provide stable convergence at a low computational cost.

Caching and Computational Ef�ciency

The evaluation of L1(!), L 2(!), and M 12(!) involves numerically expensive nested integrations

for each harmonic and lift-off. To reduce computational cost, the implementation caches each

inductance as a function of lift-off h and frequency f . Once computed, values are reused for all

subsequent calls involving the same parameters. The cache is cleared and rebuilt whenever material

properties change. This strategy reduces computation time by more than an order of magnitude and

enables practical evaluation across all materials and lift-off conditions.

Harmonic Truncation and Time-Domain Reconstruction

The square-wave driver excitation is modelled as in Section 5.5: a unipolar 50 %-duty waveform of

amplitude v0 and pulse length T0. The code uses the odd-harmonic angular frequencies

$ k = (2k � 1)
�
T0

;

and reconstructs the currents according to the trigonometric series in Equation 5.84 and Equa-

tion 5.85. For each harmonic k, the denominator

Dk = $ 2
kM 2

12 +
�
R1 + j$ k (L 1 + L 1)

��
2R2 + j$ k (2L 2 + L 2)

�
;

is evaluated using the numerically computed inductances, and its real and imaginary parts, Ak and

Bk , are formed as in Equation 5.78 and Equation 5.79. These are then used to construct the sine

and cosine coef�cients Sk and Ck for the driver current (Equation 5.87) and the corresponding

coef�cients for the pickup current in Equation 5.85. A small regularization term is applied to

jD k j2 = A 2
k + B 2

k in the code to ensure numerical stability near resonant conditions. Additional

numerical treatments, including �nite excitation rise times and stable evaluation of exponential and

complex-valued terms, were implemented to avoid numerical instabilities and ensure physically

consistent behaviour of the reconstructed time-domain response.

The harmonic summation is truncated at a material-dependent maximum frequency fmax . This

limit is chosen using a skin depth-based criterion derived from the diffusion equation Equation 5.29,

ensuring that the highest retained harmonic penetrates at least several skin depths into the plate. For

highly conductive materials (e.g., copper), this results in a larger number of harmonics, whereas

low-conductivity materials (e.g., titanium) require fewer terms. A global upper bound of fmax =

80 kHz is imposed to truncate the harmonic summation once additional high-frequency components

contribute negligibly to the reconstructed time-domain waveform. The time grid spans one full

excitation period 2T0. It is sampled at a rate of approximately 10–12 fmax , providing a margin
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above the Nyquist requirement and reducing discretization error in the steep leading edge and early-

time diffusion region. These numerical choices were veri�ed through convergence checks in fmax

and �t, for which further re�nement produced negligible changes in the waveform and extracted

features.

A detailed convergence study, including harmonic truncation, time-step re�nement, and numer-

ical integration tolerance veri�cation, is presented in Appendix E.

For each material and lift-off, the code assembles the complete time-domain responses by com-

bining the DC term and the Fourier series:

i 1(t) =
v0

2R1
+

2v0

T0

kmaxX

k=1

�
Sk sin($ k t) + C k cos($ k t)

�
; (6.1)

i 2(t) = �
2v0

T0

kmaxX

k=1

� ~Sk sin($ k t) + ~Ck cos($ k t)
�
; (6.2)

which are the discrete counterparts of Equation 5.84 and Equation 5.85. The resulting time traces

i 1(t) and i2(t) are stored for all lift-offs and exported to spreadsheet �les, with time in the �rst

column and each subsequent column corresponding to a distinct lift-off. These data sets form

the analytical inputs used throughout Chapter 6 for comparison with the FEM simulations and

experimental measurements.

Finally, the implementation includes veri�cation checks to con�rm that the reconstructed cur-

rents are effectively real-valued (imaginary parts are several orders of magnitude smaller than the

real part) and that the mean value of i1(t) over one period matches the expected DC level v0=(2R1)

from Equation 5.74. These checks provide con�dence that the numerical implementation is consis-

tent with the analytical formulation and that the reconstructed time-domain signals are suitable for

direct comparison with measured PEC responses.

6.3.2 Post-Processing and Quantitative Comparison of Analytical, FEM, and

Experimental Signals

The analytical, FEM, and experimental time-domain responses were compared using a dedicated

Python post-processing framework. For each material, the time traces were exported to spreadsheet

�les with time in the �rst column and individual lift-off heights in the remaining columns. The

validation script imports this data into NumPy and pandas, organizes it into matrices of size Nh �N t

(rows corresponding to lift-off h, columns to time samples), and parses the lift-off values directly

from the column headers. All subsequent analysis is performed on this common representation for

the analytical, FEM, and experimental data sets.

83



Feature Extraction and Temporal Alignment

To enable a fair comparison of waveform morphology, a set of key time-domain features is extracted

for each trace. A Savitzky–Golay �lter is �rst applied to suppress high-frequency noise, while

preserving the primary peak shape, as described in Section 4.3. From the smoothed waveform, the

algorithm identi�es the primary peak amplitude Ap and its occurrence time tp, the �rst zero-crossing

time t0 following the peak, and the secondary minimum amplitude and time (As; ts) associated with

the �rst undershoot. In addition, a rise-time marker is computed as the time at which the waveform

�rst exceeds a �xed fraction of the primary peak (e.g., 5%) above the baseline, and the full-width-

at-fractional-maximum W is obtained by interpolating the times at which the waveform crosses a

speci�ed fraction of the peak amplitude (e.g., 10% or 50%) on the rising and falling edges.

Because the analytical reconstruction and FEM simulations may differ slightly in both am-

plitude and effective time scaling relative to the experimental data, the script applies a two-stage

alignment procedure. First, a single global gain factor is determined for the analytical signals by

minimizing the least-squares error between the analytical and experimental primary peak ampli-

tudes across all common lift-offs,

g =
P

h Ap;EXP(h) A p;ANA (h)
P

h A2
p;ANA (h)

;

and the analytical traces are scaled by this factor. The FEM traces are left unscaled in amplitude.

Table 6.1: Global amplitude scaling factor applied to the analytical signals to match experimental primary
peak amplitudes.

Material Thickness (mm) Global Scaling Factor
2024-T4 2.87 7171
2024-T4 5.30 19860
6061-T6 3.12 8975
6061-T6 9.55 141398
Cu 3.30 22322
Ti-2 4.06 3745
Ti-6Al-4V 3.12 2240

The magnitude of the gain factors re�ects the unknown overall transfer function of the exper-

imental signal chain (including ampli�er gain and coil sensitivity), rather than a de�ciency in the

analytical formulation; the gain is applied uniformly across all lift-offs for a given material and does

not affect relative trends or timing features.

Second, a global temporal shift �t is estimated so that, on average, the analytical rise times

coincide with the experimental rise times,

�t �
1

Nh

X

h

�
t rise,EXP(h) � t rise,ANA(h)

�
;
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and all analytical traces are shifted by �t via interpolation onto the experimental time grid.

Table 6.2: Global temporal shift applied to align analytical and FEM rise times with experimental data.

Material Thickness (mm) Time Shift �t (ms)
2024-T4 2.87 0.042
2024-T4 5.30 0.024
6061-T6 3.12 0.035
6061-T6 9.55 -0.014
Cu 3.30 0.021
Ti-2 4.06 0.053
Ti-6Al-4V 3.12 0.051

To account for residual differences in effective temporal scaling that vary systematically with

lift-off, a per-lift temporal normalization factor was computed based on the ratio of experimental to

model peak widths,

a(h) �
WEXP(h)
WMOD(h)

;

and rescales time for each lift-off according to

tsrc =
tEXP � �t

a(h)
:

This yields temporally aligned analytical and FEM traces, whose primary lobe widths match the

experimental response for each lift-off.

6.4 Finite Element Method Model

A FEM model was developed in COMSOL Multiphysics® version 6.2 to simulate the transient

pulsed eddy current (PEC) response of the vertically differential probe. The Magnetic Fields (mf)

interface under the AC/DC module was employed using the Induction Currents formulation. All

geometric, electrical, and material parameters were de�ned to match the experimentally manufac-

tured probe described in Chapter 3, ensuring direct comparability between the analytical model, the

FEM simulations, and the experimental measurements.

6.4.1 Geometry and Coil Representation

A two-dimensional axisymmetric formulation was adopted to exploit the inherent rotational sym-

metry of the coaxial probe geometry, while signi�cantly reducing computational cost. The model

geometry comprised rectangular cross-sections representing the driver coil, two vertically separated

pickup coils, the surrounding air domain, and the conductive test specimen. All coil dimensions and

relative positions were parameterized using experimentally measured values listed in Table 3.1.

The �nal simulation con�guration included three multi-turn coil features:
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• Driver coil (coil1): N = 966 turns,

• Upper pickup coil (coil2): N = 417 turns,

• Lower pickup coil (coil3): N = 417 turns.

All coils were represented as homogenized multi-turn conductors using an AWG-based con-

ductor area corresponding to AWG 36 copper magnet wire, consistent with the physical probe

construction. This representation balances numerical stability with electromagnetic �delity, while

avoiding excessive meshing complexity associated with explicit wire geometries.

6.4.2 Materials and Boundary Conditions

Material properties for each specimen were de�ned using the experimentally measured electrical

conductivities, as outlined in Table 3.5. All materials were assigned a relative permeability of

� r = 1. The surrounding air domain was modelled explicitly with � = 0 and �r = 1.

Magnetic insulation boundary conditions were applied at the outer radial, top, and bottom

boundaries of the computational domain,

n � A = 0;

ensuring that the magnetic vector potential vanishes at the domain limits. An axisymmetric bound-

ary condition was enforced along r = 0. The radial extent of the air domain was chosen to be at

least �ve times the outer coil radius, and the axial extent was at least three times the plate thickness,

ensuring that boundary truncation did not in�uence the solution.

6.4.3 Mesh Strategy

The computational mesh was generated by COMSOL's free triangular meshing algorithm with tar-

geted re�nement in regions of high electromagnetic �eld gradients, including the coil domains, the

air–plate interface, and the upper surface of the conducting plate, where eddy currents are concen-

trated. Mesh resolution was guided by the expected electromagnetic skin depth (see Equation 2.32).

A re�ned free-triangular mesh was employed in regions of high �eld gradients, including the coil

domains and air–plate interface. Mesh convergence was veri�ed through re�nement studies, in

which further mesh densi�cation produced negligible changes in the simulated currents and �elds,

con�rming that the solution is mesh-independent.

Although boundary-layer or mapped meshes are often employed for lift-off studies, a re�ned

free-triangular mesh was found to provide suf�cient resolution across all lift-off values without in-

troducing numerical artefacts or mesh-induced discontinuities between parametric steps, as veri�ed

through mesh-re�nement tests in which further mesh densi�cation produced negligible changes in

the simulated currents and �elds.
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6.4.4 Excitation and Coil Output De�nition

The driver coil was excited directly within COMSOL's mf physics using a smoothed unit step

current with a location of 5 � 10�7 s and a smoothing width of 1 � 10�6 s. This �nite rise time

avoids numerical instabilities associated with ideal discontinuities and more accurately re�ects the

experimental square-wave excitation circuitry.

The induced voltage in each pickup coil was computed using COMSOL's Multi-Turn Coil for-

mulation, which evaluates the time derivative of the magnetic �ux linkage. The vertically differ-

ential pickup signal was obtained by subtracting the voltages of the upper and lower pickup coils,

consistent with the experimental probe design.

6.4.5 Time-Dependent Study and Parametric Sweep

Two studies were included in the �nal model con�guration:

1. a Frequency Domain study at 0.1, 1, and 10 kHz for cross-validation of analytically computed

inductances; and

2. a Time Dependent study resolving the transient response to the applied current step.

The time-dependent simulations employed COMSOL's variable-step, variable-order backward

differentiation formula solver with automatic time-step control. The simulated time window ex-

tended from early microseconds to 1 ms, capturing both the rapid rise of the induced response and

the subsequent diffusion-dominated decay.

A parametric sweep was applied to the lift-off parameter,

LO = 0; 1; 2; : : : ; 10;

with units corresponding to millimetre-scale experimental lift-off distances. For each lift-off value,

the full transient pickup-coil waveform was computed, yielding a dataset directly comparable to the

experimental measurement matrix.

6.4.6 Computational Resources and Output Quantities

All simulations were performed on a workstation equipped with dual Intel® Xeon® Gold 6258R

processors operating at 2.70 GHz and 256 GB of memory. Typical runtimes ranged from 10 to

25 minutes per material, depending on mesh density.

Global evaluations were used to extract the driver current, pickup-coil voltages, and magnetic

�ux quantities. The complete set of FEM results for all materials and lift-off values is provided in

Appendix B.
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6.5 Results

6.5.1 Raw Time-Domain Signal Comparison

The analytical and FEM models were �rst assessed at the level of the raw time-domain waveforms.

For each material and lift-off con�guration, the driver and pickup coil currents were reconstructed

over a single period of the unipolar square-wave excitation using the harmonic summations in Equa-

tion 5.91 and Equation 5.92. The analytical model employed the same coil geometries, turn counts,

and resistances as the experimentally manufactured probe, with air-core self-inductances L1 and L2

obtained from the double-integral expressions in Equation 5.23 and Equation 5.64. Plate conduc-

tivities were taken from the experimentally measured values to ensure a like-for-like comparison

across analytical, FEM, and experimental responses.

Lift-off, de�ned as the distance between the probe and the plate surface, was parameterized

from 0 to 10 mm in 1 mm increments. In the analytical model, this was implemented as an incre-

mental offset relative to a baseline geometric lift-off of 1:27 mm, which accounts for the physical

location of the coils above the 3D-printed probe body. Thus, a nominal 0 mm lift-off in the re-

sults corresponds to the coil bases being 1:27 mm above the plate, consistent with the experimental

con�guration.

6.5.2 Raw Time-Domain Signal Analysis

A direct comparison of the experimental, analytical, and FEM pickup-coil responses in the time do-

main provides an essential �rst assessment of model �delity prior to quantitative feature extraction.

Figure 6.1 presents the reconstructed responses of Copper at three representative lift-off distances:

0, 5, and 10 mm, while Figure 6.2 represents Titanium Grade 2 at the same three lift-offs. These val-

ues span the practical operating range of the vertically differential probe and illustrate how lift-off

in�uences transient eddy current behaviour.
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Figure 6.1: Stacked time-domain comparison of experimental, analytical, and FEM pickup-coil responses
for Copper at lift-offs of 0, 5, and 10 mm.
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Figure 6.2: Stacked time-domain comparison of experimental, analytical, and FEM pickup-coil responses
for Titanium Grade 2 at lift-offs of 0, 5, and 10 mm.

At 0 mm lift-off, the probe–sample coupling is strongest, yielding the highest signal amplitude.

All three responses exhibit good agreement in their rise behaviour, primary peak timing, and early

diffusion-driven decay. The analytical model accurately reproduces the steep rise and dominant

transient structure, while the FEM results align closely with the experimental decay rate.

At 5 mm lift-off, the reduced magnetic coupling results in lower peak amplitude and broader

transient features. The analytical model continues to match the temporal morphology of the wave-

form, but exhibits a slight positive bias in peak amplitude relative to the experiment at this lift-off,

even after global amplitude normalization. In contrast, the FEM model slightly underestimates

the peak magnitude while more closely reproducing the experimental peak timing and early decay

behaviour.

At 10 mm lift-off, the effects of reduced SNR and increased lift-off sensitivity become more

pronounced. Although the analytical solution captures the expected temporal waveform shape,

it exhibits an increasing positive amplitude deviation relative to the experiment. The FEM solu-

tion underestimates the absolute amplitude but more accurately reproduces the experimental timing

characteristics across the full transient response. These trends and their underlying causes are dis-
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cussed further in Chapter 7.

Overall, the time-domain comparison demonstrates that both models capture the essential physics

of the PEC response. The analytical model performs strongly at low and moderate lift-offs, while

the FEM formulation exhibits superior robustness at elevated lift-offs, where experimental signals

are more sensitive to noise and geometric uncertainties.

For each lift-off, the time-domain pickup response exhibits the expected behaviour: a rapid

rise following the leading edge of the excitation pulse, a well-de�ned primary peak, a secondary

peak, and a gradual decay towards zero as the induced eddy currents diffuse and dissipate. Both the

analytical and FEM solutions reproduce this waveform morphology across all eleven lift-off values.

At low lift-off (0–2 mm), the primary peak is largest in amplitude and occurs slightly earlier in

time, with the decay portion of the waveform being strongly in�uenced by the plate conductivity.

As lift-off increases, the peak amplitude decreases and the response broadens, resulting in longer

rise and fall times and a reduced SNR in the experimental measurements.

Global waveform agreement was quanti�ed using full-window Root-Mean-Square Error (RMSE),

Normalized Root-Mean-Square Error (NRMSE), the coef�cient of determination R2, and Pearson

correlation between the modelled and experimental pickup signals. Across all lift-offs and mate-

rials, the analytical model achieved a full-window R2 � 0:95 with an NRMSE of approximately

5:2 % and a correlation coef�cient of 0:99, indicating that the overall waveform shape is captured

with good �delity. The FEM model performed slightly better at this level, with R2 � 0:98, NRMSE

� 3:5 %, and correlation exceeding 0:99, re�ecting the additional geometric and material detail that

can be accommodated in the numerical simulation, while the analytical model relies on inherent

simplifying assumptions that can in�uence detailed waveform agreement.

To further characterize shape similarity, cosine similarity, normalized cross-correlation, and

Dynamic Time Warping (DTW) distance were computed between each modelled waveform and

its experimental counterpart over the full time window. DTW is a similarity measure that non-

linearly aligns two time series in time to minimize cumulative distance, thereby accounting for

local temporal shifts, while preserving the overall waveform shape [113]. Averaged over lift-off,

the analytical waveforms yielded a cosine similarity of approximately 0:985 and a cross-correlation

of 0:997, while the FEM waveforms achieved � 0:995 and 0:998, respectively. The DTW distance,

which penalizes local timing and shape mismatches, was modest for both models but consistently

lower for the FEM solution, again indicating that the FEM results provide a slightly closer match

to the detailed experimental decay behaviour. Overall, these raw time-domain metrics con�rm that

the analytical model captures the dominant transient behaviour of the pickup response across all

lift-offs, while the FEM model offers an incremental improvement in waveform �delity.

Full lift-off dependent time-domain responses for all materials and thicknesses, including ana-

lytical, FEM, and experimental comparisons, are provided in Appendix B.
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6.5.3 Salient Time-Domain Feature Extraction

While global error metrics provide a compact measure of agreement, they do not explicitly describe

how well the models reproduce the key time-domain features that are most relevant for PEC in-

spection and classi�cation. For this reason, a small set of physically meaningful scalar features was

extracted from each pickup waveform:

• Ap [V]: primary peak amplitude of the pickup voltage.

• tp [ms]: time of the primary peak, measured from the onset of the excitation pulse.

• t0 [ms]: characteristic rise time, de�ned here as the time at which the waveform �rst crosses

a �xed fraction of Ap on the leading edge (equivalently, the end of the fast-rising portion).

• As [V]: secondary extremum amplitude (typically, the most prominent negative excursion

following the primary peak).

• ts [ms]: time of the secondary extremum.

• W [ms]: effective peak width, de�ned as the time difference between the two crossings of a

selected fraction of Ap (a half-amplitude criterion was used in this work).

These features were computed in a consistent manner for the experimental, analytical, and FEM

waveforms. First, the experimental pickup signal was smoothed using a low-order Savitzky–Golay

�lter to reduce high-frequency noise while preserving peak locations, as described in Section 4.3.

The primary peak Ap and its time tp were then identi�ed as the global maximum within a prede�ned

early-time window following the excitation edge. The rise time t0 and width W were obtained by

linearly interpolating the time instants at which the waveform reached the speci�ed fraction of

Ap on the rising and falling �anks, respectively. The secondary extremum (As; ts) was located

as the most prominent opposite-polarity extremum in the subsequent decay window. The same

algorithm, including smoothing parameters and search windows, was applied to the analytical and

FEM outputs to ensure that any differences in extracted features arise from model discrepancies

rather than from the feature-extraction procedure.

Table 6.3 lists the representative extracted features at three lift-off values (0, 5, and 10 mm) for

the experimental, analytical, and FEM waveforms. These examples illustrate the typical behaviour

observed across the full lift-off range: a strong monotonic reduction in Ap with increasing lift-off,

a slow drift of tp and t0 towards later times, and a gradual broadening of the response (W). The

analytical and FEM models reproduce both the trend and the absolute magnitude of these features

with small deviations, which are quanti�ed in the following subsection.
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Table 6.3: Representative time-domain pickup features at selected lift-offs for the experimental, analytical,
and FEM responses.

Lift-off (mm)
Experimental Analytical FEM

Ap (V) t p (ms) W (ms) Ap (V) t p (ms) W (ms) Ap (V) t p (ms) W (ms)

0 0.16646 0.0975 0.18525 0.16228 0.0925 0.18534 0.16293 0.1010 0.19639
5 0.06173 0.0975 0.19754 0.06552 0.0880 0.19772 0.05794 0.1040 0.21164
10 0.02861 0.0975 0.20843 0.03292 0.0850 0.20807 0.02509 0.1030 0.21694

As seen in Table 6.3, both models closely reproduce the experimental peak width across the

representative lift-off values, with only modest differences observed in peak amplitude and timing.

While the general lift-off trends are well captured, small systematic deviations remain between

the modelled and experimental features. These differences are quanti�ed more rigorously in the

following subsection by evaluating feature errors across all eleven lift-off values.

6.5.4 Quantitative Feature-Based Comparison

To quantify model performance in terms of the salient features de�ned above, feature-level errors

were computed between each model and the experimental reference across all lift-offs from 0 mm

to 10 mm. For the primary peak amplitude Ap and width W, the relative error was expressed as a

percentage,

�A p(%) = 100 �
Ap;model � A p;EXP

Ap;EXP
; �W(%) = 100 �

Wmodel � W EXP

WEXP
: (6.3)

For the peak time tp and rise time t0, absolute timing differences were reported in milliseconds,

�t p = t p;model � t p;EXP; �t 0 = t 0;model � t 0;EXP: (6.4)

The resulting per-lift-off errors were then summarized by their mean and standard deviation over

all eleven lift-offs. Table 6.4 reports these statistics for both the analytical and FEM models.

Table 6.4: Summary of time-domain feature errors between modelled and experimental pickup responses,
averaged over all lift-offs (0–10 mm). Positive values indicate that the model overestimates the corresponding
feature relative to experiment.

Model
�A p (%) �W (%) �t p (ms) �t 0 (ms)

� � �A p � � �W � � �t p � � �t 0

Analytical +5:46 � 6:48 �0:05 � 0:20 �0:0100 � 0:0031 �0:00266 � 0:00187
FEM �7:21 � 2:96 +6:08 � 0:85 +0:00459 � 0:00094 +0:0316 � 0:00361

The feature-based statistics in Table 6.4 show that the analytical model reproduces the peak

width W to within approximately 0:05 % on average, with a standard deviation of only 0:20 %
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across lift-off. The FEM model tends to over-predict W by about 6 %, although this overestimation

is consistent and exhibits relatively low variability. In terms of peak amplitude, the analytical model

slightly overestimates Ap by an average of 5:5 %, whereas the FEM results underestimate Ap by

around 7:2 %. The larger standard deviation in �Ap for the analytical model re�ects the increasing

positive bias at larger lift-offs, where the analytical waveform decays slightly more slowly than

the experimental trace. This behaviour is consistent with simplifying assumptions in the analytical

formulation, which become more in�uential as reduced coupling and lower SNRs amplify small

discrepancies in the late-time decay. These effects are discussed further in Chapter 7. The near-zero

bias in peak width suggests that the dominant diffusion physics governing the transient envelope

is well captured by the analytical formulation, even when small amplitude and timing offsets are

present.

The timing features provide additional insight into subtle differences in transient behaviour.

On average, the analytical peak occurs �tp � �0:010 ms earlier than the experimental peak,

with a relatively small spread (��t p � 0:003 ms). The corresponding rise time t0 is also slightly

underestimated by about 2:7 �s. By contrast, the FEM peak is delayed by roughly 4:6 �s on

average, and the rise time is overestimated by approximately 32 �s. These timing offsets are small

compared to the absolute time scale of the response (sub-millisecond rise, millisecond-scale decay),

but they are detectable in the early transient and consistent with the raw time-domain observations:

the analytical waveforms tend to rise and peak marginally faster than the measurements, whereas

the FEM waveforms lag slightly behind.

Overall, the feature-level analysis con�rms the conclusions drawn from the raw time-domain

comparison. The analytical model provides an accurate and computationally ef�cient prediction

of the salient time-domain characteristics across all lift-offs, with peak amplitude and width errors

generally within a few percent and timing errors on the order of a few microseconds. The FEM

model delivers slightly superior global waveform agreement and more accurate reproduction of

the overall decay shape, at the cost of a small systematic bias in peak width and timing. From a

practical PEC inspection perspective, both models are suf�ciently accurate to support probe opti-

mization and the interpretation of lift-off trends; the analytical formulation is particularly attractive

for rapid parametric studies, while the FEM model provides a high-�delity benchmark for complex

geometries and material stacks.
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7 Model Performance Analysis

7.1 Accuracy of the Analytical Model

This section examines the results presented in Section 6.5.2–Section 6.5.4, to assess the accuracy

of the analytical PEC model relative to both FEM simulations and experimental measurements.

Emphasis is placed on the model's ability to reproduce the salient temporal characteristics of the

pickup-coil response, including waveform morphology, amplitude scaling, timing behaviour, and

sensitivity to lift-off height. Unlike earlier qualitative assessments, the present discussion is guided

by quantitative waveform metrics and feature-level comparisons that directly re�ect inspection-

relevant signal behaviour.

As a limiting case, the analytical formulation was also evaluated in the absence of a conductive

plate by setting � = 0. In this con�guration, the frequency-dependent plate-induced inductance

terms L1(!), L 2(!), and M 12(!) vanish identically, and no eddy currents are generated. The

pickup response therefore reduces to zero in the absence of conductive coupling (neglecting direct

coil-to-coil mutual coupling), while the driver current follows the air-core R–L circuit transient,

governed solely by the coil self-inductance. The model reproduces this behaviour exactly, con�rm-

ing that the dual-circuit formulation collapses correctly to the uncoupled limit in the absence of

conductive interaction.

In addition to global waveform metrics, particular attention is given to inspection-relevant scalar

features, including the primary peak amplitude Ap, the characteristic rise time t0, the time to zero-

crossing, and the effective peak width W. These features govern lift-off estimation and material

characterization in practical PEC inspection scenarios and, therefore, provide a more physically

meaningful measure of model �delity than global error metrics alone. The close agreement in these

transient characteristics further con�rms the validity of the dual-circuit formulation developed in

Chapter 5, in which the coupled driver–pickup system is represented through frequency-dependent

self- and mutual inductance terms. The preservation of the expected lift-off dependence further

con�rms that the circuit-level representation captures the dominant electromagnetic coupling mech-

anisms governing the transient response.

Overall, the analytical model demonstrates a strong predictive capability across the full lift-off
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range investigated. As shown by the raw time-domain comparisons in Figure 6.1, the analytical

waveforms closely reproduce the experimentally observed rise behaviour, primary peak structure,

and diffusion-driven decay at low and moderate lift-offs. This agreement is supported by global

waveform metrics, including coef�cients of determination approaching R2 � 0:95, low normalized

root-mean-square error (NRMSE � 5%), and Pearson correlation coef�cients near unity. While the

FEM model provides marginally improved global agreement, the analytical solution captures the

dominant transient physics with substantially reduced computational cost, making it particularly

suitable for parametric studies and probe optimization. Accordingly, the FEM solution serves as

a high-�delity numerical benchmark, bridging the idealized analytical formulation and the experi-

mental measurements.

7.1.1 Inductance-Level Validation

The accuracy of the analytical model was further assessed by comparing analytically computed self-

and mutual inductance values with corresponding FEM and experimental measurements. Table 7.1

summarizes the driver and pickup coil self-inductances, as well as the mutual inductance between

the driver and the two pickup coils for the ARES probe.

Table 7.1: Comparison of inductance values from FEM, analytical, and experimental approaches for the
ARES probe

Parameter FEM Analytical Experimental

Driver self-inductance (mH) 6.02 6.27 6.27
Pickup self-inductance (mH) inf 2.02 2.09
Mutual inductance (Driver–Pickup 1) (mH) – 0.81 0.64
Mutual inductance (Pickup 1–Pickup 2) (mH) – 1:60 � 10�3 5:84 � 10�3

The driver-coil self-inductance demonstrates strong agreement across all three approaches, val-

idating both the analytical formulation and the FEM implementation. The analytical value closely

matches the experimentally measured inductance de�ned according to Equation 2.42, con�rming

that the magnetic vector potential solution yields physically consistent �ux linkage when integrated

over the coil volume. The slightly lower value predicted by the FEM model is consistent with the

�nite computational domain employed in the simulation. Since self-inductance is de�ned by the

�ux linkage per unit current (Equation 2.42), accurate evaluation requires that the computational

domain capture the majority of the magnetic �ux produced by the coil. For an air-cored winding, a

substantial portion of this �ux resides in the surrounding air region. Truncation of the external �eld

domain and the use of magnetic insulation boundary conditions can therefore reduce the computed

�ux linkage, leading to a modest underestimation of L.

For the pickup coils, the analytically computed self-inductance also agrees well with experi-
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mental measurements. However, FEM simulations were unable to reliably resolve the pickup coil

self-inductance due to numerical instabilities and mesh sensitivity associated with the thin-wire ap-

proximation and the �oating nature of air-cored coils. The in�nite value reported by the FEM solver

re�ects a numerical singularity under the selected formulation rather than a physical divergence in

inductance.

It is noted that, in a simple R�L circuit interpretation, the transient rise time is governed by the

relaxation time constant; see Equation 2.45. A lower inductance would nominally reduce �c and ac-

celerate the transient response. However, the small differences in air-core self-inductance observed

here are insuf�cient to account for the subtle timing offsets identi�ed in the waveform comparisons.

These timing differences are more strongly in�uenced by frequency-dependent inductive behaviour

and reconstruction effects than by static inductance variations.

Mutual inductance between the driver and Pickup 1 shows reasonable agreement between the

analytical and experimental values, given the inherent dif�culty of isolating mutual coupling in a

coupled transient system. The mutual inductance between the two pickup coils is several orders of

magnitude smaller, falling in the microhenry range. In the analytical time-domain reconstruction,

pickup–pickup coupling is neglected based on the small magnitude of M23 relative to the dominant

self- and driver–pickup inductances. As shown in Table 7.1, M23 is negligible compared to L and

M 12, and its contribution to the transient response is therefore expected to be minimal within the

resolution of the present measurements. Neither mutual inductance term could be resolved reliably

in the FEM simulations, owing to domain-coupling limitations and the challenge of separating

mutual contributions from the total coil response.

The discrepancies observed between analytically computed and experimentally measured mu-

tual inductances can be attributed to several factors. The analytical formulation assumes idealized

conditions, including a perfectly de�ned coil geometry, a uniform current distribution, and ideal

magnetic coupling in free space. In contrast, experimental measurements are in�uenced by �nite

wire thickness and insulation, coil misalignment, lift-off variability, edge effects, and �nite-domain

fringing behaviour. Instrumentation limitations, including measurement noise and calibration un-

certainty, further contribute to the observed deviations. Within these bounds, the level of agreement

achieved is consistent with the expected modelling and measurement uncertainty.

Importantly, agreement at the inductance level provides independent validation of the under-

lying magnetic vector potential solution prior to time-domain reconstruction. This con�rms that

the analytical �eld formulation produces physically realistic coupling parameters and supports the

reliability of the subsequent transient waveform predictions.

Frequency-Dependent Inductance Behaviour

The frequency-dependent behaviour of the self- and mutual inductances provides insight into the

electromagnetic coupling between the probe and the conductive plate. Figures 7.1 and 7.2 show
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the real and imaginary components of the inductances as a function of frequency for representative

lift-off values.

(a) (b)

(c) (d)

Figure 7.1: Frequency-dependent self-inductance components: (a) <fL1g, (b) =fL 1g, (c) <fL 2g, and (d)
=fL 2g.

(a) (b)

Figure 7.2: Frequency-dependent mutual inductance components: (a) <fM12g and (b) =fM 12g.

The real components represent stored magnetic energy, while the imaginary components re�ect
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the effect of eddy current diffusion within the conducting plate. As frequency increases, induced

eddy currents oppose the primary magnetic �eld, reducing magnetic coupling. This is observed as a

decrease in the mutual inductance magnitude at higher frequencies due to increased shielding. The

self-inductance components exhibit similar behaviour, with frequency-dependent changes arising

from the interaction between the probe �eld and the conductive specimen.

7.1.2 Interpretation of Feature Behaviour in the Context of the Dual-Circuit Model

The feature-level trends reported in Section 6.5.4 can be interpreted directly in the context of the

dual-circuit formulation used to reconstruct the time-domain response. In the analytical model, the

pickup waveform arises from the coupled interaction between the driver and pickup coils through

frequency-dependent self- and mutual inductance terms. Consequently, each extracted feature re-

�ects a speci�c physical mechanism within the equivalent circuit representation.

The monotonic decrease in primary peak amplitude Ap with increasing lift-off is consistent

with the reduction in mutual inductive coupling between the driver coil and the conductive plate.

As lift-off increases, the magnetic �ux linking the plate decreases, reducing the induced eddy cur-

rent density and, in turn, the back-coupled voltage measured in the pickup coil. The analytical

model reproduces this trend with a modest positive bias in Ap, particularly at larger lift-offs. This

behaviour is consistent with the simpli�ed treatment of �eld truncation and coil-to-plate coupling

in the analytical formulation. In contrast, the FEM model exhibits a systematic negative bias in

Ap, which may be attributed to �nite-domain truncation of magnetic �ux and the resulting slight

underestimation of inductive coupling.

The timing features tp and t0 are governed primarily by the effective circuit time constant,

� =
L eff

Reff
; (7.1)

which follows directly from Equation 2.45. Here, Leff includes both the air-core self-inductance

de�ned in Equation 2.42 and the frequency-dependent plate contribution L(!). As summarized in

Table 6.4, the small negative bias in �tp and �t 0 for the analytical model indicates a slightly re-

duced effective time constant relative to the experiment, consistent with a marginal underestimation

of the total �ux linkage at early times. Conversely, the FEM solution produces a small positive

timing offset, suggesting a slightly larger effective inductance or reduced effective resistance in the

reconstructed transient.

The effective peak width W is primarily in�uenced by the diffusion-driven redistribution of

eddy currents within the conductive plate. The near-zero mean error in �W for the analytical

model demonstrates that the dominant diffusion physics are accurately captured by the frequency-

domain inductance expressions and preserved through the inverse Fourier reconstruction. Although

the FEM model overestimates W by approximately 6%, this bias is consistent and does not alter

the overall lift-off dependence of the transient envelope.
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Importantly, the secondary extremum (As; ts) and zero-crossing behaviour depend on the bal-

ance between early-time magnetic coupling and late-time diffusion decay. The preservation of these

features across all lift-offs con�rms that the dual-circuit representation adequately captures both the

inductive coupling mechanism and the diffusion-controlled plate response, even when small ampli-

tude and timing biases are present.

Taken together, the feature-based analysis reinforces that the analytical model does not merely

approximate the waveform globally, but preserves the physically meaningful characteristics that

govern lift-off sensitivity, material discrimination, and probe optimization in practical PEC inspec-

tion.

7.1.3 Effect of Lift-off on Signal Amplitude

As illustrated in Figures 6.1 and 6.2, increasing lift-off height produces a monotonic reduction in

signal amplitude due to magnetic �eld attenuation and the corresponding decrease in induced eddy

current density within the conducting plate. As the separation distance increases, the magnetic �ux

linking the sample is reduced, leading to diminished probe–plate coupling and a lower maximum

transient amplitude. This behaviour is consistently observed across experimental, analytical, and

FEM responses, with the analytical model accurately reproducing the exponential-like amplitude

decay trends evident in the experimental data. The same monotonic trend persists across the full

lift-off range (0–10 mm) and for all investigated materials, as shown in Appendix B.

The secondary extrema in the pickup response exhibit greater inter-model variation, particu-

larly at elevated lift-offs. These features arise from the redistribution and diffusion of induced eddy

currents following the primary transient and are therefore more sensitive to material conductivity,

plate thickness, and modelling assumptions related to probe geometry. As lift-off increases and the

overall signal magnitude decreases, small discrepancies in diffusion modelling become more pro-

nounced in the late-time response. Nevertheless, the analytical model preserves the relative lift-off

trends and overall morphology of the transient minima across all tested conditions, demonstrating

robustness in capturing lift-off-dependent behaviour even when small absolute amplitude deviations

from experiment remain.

7.1.4 Time-Domain Reconstruction and Signal Shape

Reconstruction of the time-domain signals via inverse Fourier summation proved successful across

all cases examined. As shown in Figure 6.1, the analytical model accurately reproduces both the

sharp initial peak and the subsequent diffusion-dominated decay of the PEC response. The stability

of extracted timing and width features across the full lift-off range con�rms that truncation of the

Fourier series at 500 harmonics preserves the dominant spectral content of the excitation and system

response while maintaining computational ef�ciency.
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Importantly, the close agreement in peak timing and effective width demonstrates that the in-

verse reconstruction does not introduce signi�cant temporal distortion, further validating the an-

alytical formulation as a reliable means of obtaining high-resolution time-domain responses from

frequency-domain inductance expressions.

7.1.5 Sources of Discrepancy

While the analytical model demonstrates good agreement with the FEM simulations and experimen-

tal measurements, residual discrepancies remain, particularly at larger lift-offs and in the vicinity of

secondary signal features. These deviations arise from several sources. First, the analytical formula-

tion assumes spatially uniform material properties and idealized geometric boundaries. In practice,

the test specimens may exhibit small variations in thickness, surface condition, and �nite plate di-

mensions, all of which in�uence the local eddy current distribution. Second, the reduced magnetic

coupling and �nite-domain �eld effects between the coils and the conductive plate are not explicitly

represented in the analytical solution. These effects become increasingly signi�cant at larger lift-

offs, where reduced magnetic coupling ampli�es the relative in�uence of fringing �elds in the �nite

plate geometries listed in Table 3.5. The FEM model partially captures these phenomena through

its full geometric representation. Third, experimental measurements are subject to high-frequency

noise and digitization artefacts introduced by the DAQ, particularly in late-time regions where the

SNR decreases.

Finally, the analytical model neglects frequency-dependent skin and proximity effects within the

probe windings. At higher harmonic frequencies, current crowding within the conductors increases

the effective AC resistance of the coils and slightly alters the internal �ux distribution [53], [79].

This modi�es the amplitude and phase of the reconstructed transient response and contributes to

small systematic differences between the analytical predictions and the measured signals.

Together, these factors explain the modest amplitude and timing biases observed in the feature-

level comparisons. Nonetheless, the analytical model consistently reproduces the dominant tran-

sient behaviour and lift-off trends most relevant to PEC inspection.

7.1.6 Uncertainty Analysis and Propagation

A sensitivity study was performed to evaluate how uncertainties in physical and geometric parame-

ters in�uence the PEC signal, following and extending the approach of Klein et al. [114]. Details are

provided in Appendix C. Electrical conductivity � and plate thickness p were found to be the most

in�uential parameters, particularly for timing-related features, while geometric parameters such as

pickup width b2 exhibited more localized effects on amplitude metrics. These �ndings place the

observed model–experiment discrepancies within the broader context of physical uncertainty and

further support the analytical model's suitability for predictive and interpretive use.
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Although the uncertainty analysis was not intended as a direct �aw-classi�cation tool, it pro-

vides important insight into the physical mechanisms governing detectability. In particular, the

dominant in�uence of electrical conductivity and plate thickness on timing-related features helps

explain the variability observed in �aw contrast across different substrates. When material-dependent

parameters signi�cantly alter the effective diffusion behaviour, �aw-induced perturbations can be

partially masked by global shifts in waveform timing or amplitude.

For this reason, uncertainty propagation alone is insuf�cient for reliable �aw discrimination.

While it quanti�es the sensitivity of individual scalar features to physical parameters, it does not

account for correlated variations across the full transient response. Flaw detection requires distin-

guishing localized perturbations from global parameter-driven variability, which becomes increas-

ingly challenging under weak-coupling or high lift-off conditions.

These observations motivate the transition to multivariate statistical approaches in the follow-

ing chapter. By analyzing the entire waveform rather than isolated scalar features, the subsequent

framework aims to separate �aw-induced signal structure from material- and geometry-induced

variability, thereby improving robustness to uncertainty and enhancing classi�cation performance.
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8 Fastener Inspection Results

8.1 General

This chapter presents a structured evaluation of eddy current inspection, beginning with conven-

tional ET for probe alignment and fastener localization. Results highlight the limitations of amplitude-

based defect detection at elevated lift-offs. Raw time-domain signals from PEC probes are analyzed

to address this, revealing diminished �aw separability under low-conductivity conditions. PCA is

applied to extract dominant signal modes, enabling compact representation and improved robust-

ness. Discriminant analysis is then used to classify notched and unnotched fasteners, with statis-

tically derived con�dence thresholds supporting reliable detection across varied materials, geome-

tries, and probe con�gurations.

8.2 Conventional ET Inspection

Accurate probe alignment and effective signal interpretation are critical in ET inspections, particu-

larly when locating fasteners and detecting subtle defects such as notches beneath surface coatings

or RAM. Both misalignment and elevated lift-off distances can signi�cantly degrade signal quality,

adversely affecting fastener localization and defect characterization.

8.2.1 Probe Alignment Methodology

When fasteners are concealed beneath RAM, precise probe positioning is essential because visual

alignment is unavailable, leaving electromagnetic feedback as the only alignment cue. To address

this challenge, ET inspections were performed with a NORTEC 600D on the HLT313DL8–16 stan-

dard. As introduced in Section 3.2, the ZEUS, THOR, and ODIN probes were evaluated to assess

sensitivity to lateral misalignment and positioning repeatability under varying lift-off conditions.

The lateral misalignment was applied with respect to the fastener-centre standard shown in Fig-

ure 3.4.

Figure 8.1 illustrates the variation in ET response due to lateral displacement at lift-offs of 2 mm

and 10 mm. In each plot, colour encodes the probe's lateral displacement along the y-direction
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